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Abstract

Partial functions are ubiquitous in Knowledge Representation applications,
ranging from practical, e.g., business applications, to more abstract, e.g., math-
ematical and programming applications. Expressing propositions about partial
functions may lead to non-denoting terms. These result in undefinedness errors
and ambiguity, causing subtle modeling and reasoning problems.

In our approach, formulae are well-defined (¢rue or false) and non-ambiguous
in all structures. We develop a base extension of three-valued predicate logic, in
which partial function terms are guarded by domain expressions, ensuring the
well-definedness property despite the three-valued nature of the underlying logic.
This property allows us to define the satisfaction relation of the new logic in terms
of the standard two-valued logic of total functions. To tackle the verbosity of this
core language, we propose different ways to increase convenience by means of
disambiguating annotations and non-commutative connectives. As a practically
relevant result, we prove that many different unnesting methods, which eliminate
(partial) functions by replacing them with their graph predicates, are equivalence-
preserving in the proposed language.
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Furthermore, we present an extension of the logic with definitions of partial
functions and give their semantics in terms of the existing semantics for inductive
definitions of sets. Finally, we explore the connection to functional programming.
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1 Introduction

Partial functions and non-denoting terms have been studied in many different
domains: in linguistics, from the perspective of presupposition, see Karttunen [1]; in
philosophy, where the topic culminated in big discussions between Russell [2], Frege [3],
and Strawson [4]; in mathematics and logic Suppes [5], Kleene [6], Schock[7], Fit-
ting [8]; in proof theory Gavilanes-Franco and Lucio-Carrasco [9] and de Nivelle [10];
and in computation McCarthy [11]. Partial functions enjoy many different treatments
in programming languages. They have been studied in the context of formal speci-
fication languages Berezin et al.[12], Hoang [13], in declarative constraint languages
Cristia et al.[14], Frisch and Stuckey[15], and knowledge representation languages
De Cat et al. [16], Cabalar [17], Balduccini [18, 19]. Good overviews of different
approaches can be found in [20] by Farmer, and [5] by Suppes. In this paper, we study
partial functions from the perspective of modeling and Knowledge Representation
(KR). This paper extends our previous work [21] by providing a better overview of
the field, further substantial development of the guards (main concept of the paper),
and introducing support for recursive definitions.

The problem with non-denoting terms arises when applying a function concept to
some entity for which the function is undefined. This problem can occur in natural
language or mathematical text, in formal logic theories, or programs of declarative
or imperative programming languages. A well-known example of a sentence with a
non-denoting term, made famous by Bertrand Russell, is: “The king of France is
bald” (it is non-denoting as France has no king.) In mathematical texts, the problem
arises, e.g., in propositions applying division to zero or the square root to a negative
number when working over the real numbers (i.e., %, V). In logic, introducing partial
functions breaks the two-valuedness of a logic, causing invalidity of the law of the
excluded middle (a.k.a. the principle of the excluded third, or in Latin “principium
tertii exclusi”, or “tertium non datur”). In modeling applications, partial functions are
ubiquitous. They mainly lead to problems when the universe is heterogeneous, with
many different types of objects, or when the domain of a partial function concept is
unknown. An example of the latter would be an application of a function age/1 to a
constant myPartner /0, while we do not know whether myPartner actually exists.!

Many logics only support total functions. For example, in first-order predicate
logic (FO), the value of a function symbol in a structure is by definition a total

1We use camel case notation (i.e., spaceless phrases with capitalized words), with the first letter
capitalized for predicate symbols (e.g., SomePredicate/n) and lowercase for function symbols (e.g.,
someFunction/n), where n indicates the symbol’s arity.



function. Nevertheless, in many applications, total functions are used to represent
partial function concepts [20]. This formally circumvents the phenomenon of non-
denoting terms, but doing so leads to a semantic mismatch, as illustrated by the
following graph coloring example.

Va : Vertez(x) = Color(colorOf (x))
Vo : Vy : Graph(z,y) = —(colorOf (x) = colorOf (y))

The formulae express that the vertices are colored by a color, and that two adjacent
nodes in the graph are colored differently. Conceptually, a coloring function is defined
only on vertices, but in first-order logic, colorOf /1 is interpreted as a total function,
and hence defined on colors as well. As a consequence, there is a semantic mismatch
between the states of affairs that were intended by the modeler and the formal models
of the logical theory. This leads to subtle representation and reasoning problems. For
example, applying model generation inference on (an extension of) this theory will
return many redundant models (i.e., structures that assign the same colors to vertices
but assign different colors to colors). For the same reason, model counting inference
(in which the total number of models of a logical theory is counted) will return wrong
answers. Additionally, modeling partial functions by means of total functions may
lead to subtle modeling errors. For instance, to express that all colors are to be used
for coloring, a modeler may write a sentence Vz : Color(z) = Jy : colorOf (y) = .
However, this would be incorrect, as it is necessary to condition y to be a vertex.

Experienced knowledge engineers develop practices to circumvent these issues, such
as:

1. Using the predicate Vertex to only apply the colorOf function to vertices,
on which colorOf is defined. This approach requires additional efforts during
modeling, as demonstrated in the example above.

2. Representing the function concept colorOf /1 as a graph predicate HasColor /2,
and adding additional formulae to strengthen theories or axioms (e.g., to for-
malize uniqueness). This approach leads to more verbose theories. For instance,
colorOf (a) # colorOf (b) would become —3c : HasColor(a, c) A HasColor(b, c).

3. Introducing a new “null” object to the domain of colors to simulate the absence
of color. Such a pollution of the domain is dangerous, as this artificial null object
is included in the range of quantifiers.

4. Switching to a sorted logic, and turning the Vertex predicate into a type. This
resolves the semantic mismatch because the function colorOf becomes a total on
the Vertex type. However, this easily leads to an unwieldy collection of types. If
we were to only color the vertices with an outgoing edge, for instance, this would
require a type for vertices with an outgoing edge.

With such techniques and efforts, the problems caused by the semantic mismatch
can be resolved, but the semantic mismatch does not necessarily disappear. Further-
more, handling partial functions with the aforementioned techniques introduces new



challenges and requires additional efforts. This forms an argument for providing a sys-
tematic treatment of partial functions in modeling languages. A systematic treatment
of partial functions is especially important for Knowledge Representation languages,
where addressing semantics mismatch is crucial, and partial functions are present in
virtually any domain.

In this paper, we approach statements involving partial functions as inherently
ambiguous. This ambiguity arises from the difficulty of assigning a truth value to
propositions about non-existent objects. We demonstrate this with Russell’s example:
“The king of France is bald”. Intuitively, in the present state of affairs, this sentence
seems to be false (given that there is no third option besides the sentence being true
or false). In his work [2], Russell claims that the statement is false and justifies it
by interpreting it as: “ There exists an x which is the king of France and x is bald”.
However, consider the statement “The wife of the king of France is the queen of France”.
Intuitively, this statement is a tautology, even though France has neither a king nor
a queen at the moment. It thus seems that this sentence is interpreted? as: “For all
and vy, if © is the king of France, then if y is the wife of x then y is the queen of France”.
Arguably, the same statement “The king of France is bald” could be interpreted as
“For all z, if x is the king of France then z is bald” in a certain context. Imagine, for
instance that the statement is found in the medieval French parliamentary charter in
which it is decreed that the king of France is to be bald.? Hence, an atomic statement
P(t) where t is potentially non-denoting, could be interpreted* as “There exists an
x such that x is t and P(x)” or as “For each x, if x is t, then P(zx)”. If the term ¢
denotes, these two interpretations coincide, and hence the meaning of the statement
is clear. However, if ¢ does not denote, the two interpretations are not equivalent,
and hence the original statement P(¢) can be perceived as ambiguous. One goal of
this paper is to design a logical framework for effectively representing disambiguated
forms of such statements. We refer to this as the prudence approach, as the syntax
of the languages necessitates explicit elimination of ambiguities. Given that any non-
denoting term introduces ambiguity, achieving prudence quickly becomes unfeasible.
Therefore, another key contribution of this paper is the development of a language
specifically designed for a compact and precise elimination of ambiguities.

We already pointed out that the problem of non-denoting terms in modeling lan-
guages emerges from propositions including partial functions. These partial functions
could be part of the language (e.g., division) or declared by the user. In the standard
logical setup, one can constrain the values of a function, but there are no means to
express how such mathematical objects are constructed. However, it is often the case
that user-introduced functions can be defined in terms of other concepts or in terms
of themselves (recursive functions, e.g., Fibonacci sequence). This idea is parallel to

2A similar interpretation is achieved if “the king of France” is treated not as a denoting expression, but
as a concept, which is in line with Russell’s theory of descriptions.

31t is possible to interpret this statement as obligatory (deontic), which is not our goal. Rather, we merely
want to point out that interpretations (universal or existential) might differ depending on the context.

‘We observed in different examples that definitional and general law statements are usually interpreted

with universal quantifiers and implications, while empirical or assertive statements are often interpreted
using existential quantifiers and conjunctions. This distinction should be understood as a heuristic rather
than a strict rule, as there are exceptions depending on context and interpretation, as demonstrated with
“the king of France” example.



the one of extending logic with inductive definitions of sets [16, 22]. Hence, another
goal of this paper is to introduce logic supporting recursive definitions of functions.

The main contribution of this paper is the development of a logic FO(PF) for par-
tial functions, including recursive definitions of functions. The leading principle is that
the logical treatment of partial functions has to result in formulae that are well-defined
(true or false) and non-ambiguous in all structures. The logic should cope with partial
functions with an unknown domain. Moreover, the well-definedness of logical expres-
sions should be a decidable property. A first basic approach extends 3-valued predicate
logic with guards, in which partial function terms are guarded by domain expressions
ensuring the well-definedness property despite the 3-valued nature of the underlying
logic. Next, to tackle the verbosity of this core language, we propose different ways to
increase convenience by using disambiguating annotations and non-commutative con-
nectives. Additionally, the language is extended with recursive definitions of functions.
We show that the proposed logic is reducible to the two-valued logic of total func-
tions. Furthermore, we prove that many different unnesting methods turning partial
functions into graph predicates, which are not equivalence preserving in general, are
equivalence preserving in the proposed language, showing that ambiguity is avoided.

The paper is structured as follows: First, we provide a detailed overview of vari-
ous fields related to partial functions. Next, the syntax and semantics of FO(PF) are
defined. Subsequently, we propose the language of guards, show its semantic reduction
to the total function logic, and present convenient guard constructs. Next, we demon-
strate the properties of guarded logic in terms of the elimination of function terms.
Finally, we dedicate special attention to (recursive) definitions of partial functions and
prove a correspondence result between our definition logic and a formalism used in
functional programming to define partial functions by means of lambda expressions.
We close the paper with the conclusion.

2 Related work

Non-denoting terms are studied in many fields, including linguistics, philosophy,
mathematics, and computer science. This section provides an overview of these fields.

Linguistics. From the perspective of linguistics, non-denoting expressions are tightly
related to presuppositions [1]. For example, the sentence “My partner is a great vol-
leyball player” is only sensible if the presupposition is made that “My partner” exists
and is unique. Interestingly, presuppositions are sometimes preserved under negation,
e.g., “My partner is not a great volleyball player” still presupposes that “My partner”
exists. Here, we highlight the two main points from [1] relevant to our work: 1) Pre-
suppositions in a natural language sentence can differ depending on the context. 2) A
conditional connective may be useful to eliminate presuppositions, e.g., the sentence
“If my partner exists, then my partner is a great volleyball player” does not make a
presupposition.

Philosophy. The issues caused by denotation (e.g., failure of the law of excluded
middle) lead to many different philosophical views, perhaps most famously those of
Frege [3] (and Strawson [4]) and Russell [2]. Russell argued that a statement such
as “My partner is a great volleyball player” should be interpreted as “There exists



exactly one person that is my partner, and this person is a great volleyball player”,
thus making the presupposition explicit. Furthermore, he argued that the negation of
this sentence should be interpreted as either “It is false that there exists exactly ...”
or “There exists exactly ..., and this person is not a great volleyball player”. In case
“My partner” does not exist or is not unique, the former statement is true and the
latter false. On the other hand, according to Strawson [4], the truth of statements of
the form “My partner ...” is simply not defined in a state of affairs where the partner
does not exist. Notice that following this approach in a formal logic would require a
three-valued truth assignment.

Mathematics. In mathematical texts, the problem of non-denoting terms emerges in
applications of partial functions such as subtraction in the natural numbers and divi-
sion in any set of numbers (the divisor must be different than zero).> Mathematical
texts do not (or much less) tolerate ambiguities and implicit presuppositions, leading
to the establishment of strong principles for treating partial functions. Several works
[5, 23] have studied how partial functions are dealt with in mathematics. In [5, Section
8.5] Suppes outlines the problem of defining the division operator in terms of multi-
plication (i.e., /y = z if and only if ©* = y x z). The problems appear for y = 0.
First, for x = 0, the uniqueness condition does not hold since 0 = 0 x z holds for any
z. Second, for z # 0, the existence condition does not hold since there is no z such
0 X z # 0. Furthermore, in [5, Section 8.6] Suppes discusses Conditional Definitions
which are relevant for our Section 7. Our goal is to develop a formal logic treatment
of partial functions that achieves the same rigor as (informal) mathematical text.

Three-valued logic. An overview of the history of three-valued logics is available in
[24] by Cobreros et al. Probably the most famous formalism is Kleene’s three-valued
logic [6, page 332], which was inspired by problems of mathematical foundations and
recursion theory. Kleene introduced the principle of regularity, meaning that if the
truth value of any constituent of a statement changes from undefined to true or false,
then the truth value of the statement should not change from true to false or from
false to true (but it may change from undefined to true or false). Among the differ-
ent possibilities for logical connectives that satisfy this property, Kleene noticed that
there is a weakest and a strongest one. In the weak version, a conjunction is unde-
fined if any of its conjuncts is undefined, while in the strong version, a conjunction is
false if one conjunct is false and the other is undefined. In this paper, Kleene’s strong
three-valued logic is used for the semantics of the proposed language (Definition 5).
In [11], McCarthy introduced a left-sequential three-valued propositional logic to cre-
ate mathematical bases for computation. The special aspect of this logic is that its
semantics can be associated with the order of evaluation from left to right. For exam-
ple, the statement true V (1/0 = 10) is true, while (1/0 = 10) V true is undefined.
The logical connectives in such a language are called asymmetric. In our paper, con-
nectives similar to those of Kleene’s weak logic and McCarthy’s left-sequential logic
are used to provide convenient expressions of implicatures regarding partial functions
(Section 5.1).

5For an extensive list of interesting mathematical riddles demonstrating problems with division by zero,
we refer to the book [23, Chapter 5] by Northrop and Silver.



A free logic (for details, check [25, Chapter “Free logics]) is a logic deprived of any
existential assumptions. This means that terms do not have to denote any object and
models with empty domains are allowed (a.k.a. inclusive logic). Free logics are mainly
studied in a first-order setting, and depending on the treatment of the non-denoting
terms, they are classified as: negative, where all atoms containing empty terms are
false, positive, where some atoms containing empty terms are true, and neutral, where
all atoms containing empty terms are valueless. In this paper, the formal semantics of
our proposed language corresponds to the neutral semantics (Definition 5). However,
we shall show that the guarding conditions of our logic ensure that each of the three
semantics is equivalent (following from Theorem 1 and Theorem 2). An important
language construct that is customary for free logics is the “existence” predicate (com-
mon syntax: F! t or simply F t). The existence predicate applied to a term is true
if that term denotes an element of the domain, and false otherwise. For intuitionistic
logic®, Scott defined E t in his Logic of Existence [29] as (t = t). In this paper, we
use a similar “definedness” predicate ¢, for example, 6,(1,0) evaluates to false since
1/0 does not denote. The main difference is that we require terms applied to ¢ to be
defined (e.g.., 6,(1,(1/0)) is undefined since 1/0 is undefined).

In [20], Farmer extends Church’s simple theory of types [30] to include partial
functions by allowing functions to evaluate to undefined, while atomic formulae applied
to undefined terms evaluate to false. In dependent type theory, the type of a function
can contain additional information, for example, division can be declared as a function
that takes a number as its first argument, a non-zero number as its second argument,
and returns a number (for practical details consult [31, Section 2.7 and Section 7]
by Bove and Dybjer). With such typing, one must prove that the divisor is not zero
for every use of division, while in our approach, this is guaranteed by the syntactic
constraints of our language.

Proof theory. 1In [10], de Nivelle introduces extensions of Classical Logic with partial
functions where the semantics is designed to ensure that formulae containing a non-
denoting term do not have a truth value. This approach interprets ill-defined formulae
as errors. A sound and complete sequent calculus is defined for this language. This
formalism is specific for lazy operators (lazy implication [A]B and lazy conjunction
(A)B), and for bringing type declarations of symbols to the theory level. Laziness
means that the second proposition B will be ignored when the first one, A, is false.
In this way, one can write statements in which irrelevant parts are undefined. For
example, the type and the preconditions of the subtraction function, represented with
the “—” symbol, is declared using lazy implication: Vx,y : [Nat(x) A Nat(y)] (z > y) =
Nat(z — y). In natural language, this expression says that subtraction is defined for
natural numbers only when the first argument is greater than or equal to the second.

Gavilanes-Franco and Lucio-Carrasco [9] investigate first-order logic with partial
functions. The language proposed in that paper is close to standard first-order logic,
with the addition of conditional terms and a definedness meta-predicate (®). Applying
functions and predicates to undefined terms results in undefinedness, except for the
definedness predicate ®. Furthermore, a weak and a strong semantics are defined,

6Early studies of intuitionistic logic resulted in three-valued logics such as: Heyting’s intuitionistic
propositional calculus [26] (a.k.a. logic of here and there Pearce [27]), and Gédel’s logic G3 [28].



along with four different logical consequences. Finally, the paper presents a sound and
complete sequent calculus for this language.

Related formal languages and systems. The idea of eliminating (partial) function
terms by introducing new existentially quantified variables and replacing the function
with its graph (as described in [5, Section 8.7]) is implemented in the Knowledge Base
System IDP [16, Section 1.2.2] by De Cat et al. and in MiniZinc [15] by Frisch and
Stuckey. According to this method, the statement div(10,0) = 1 would be interpreted
as 3y : v (10,0,y) A (y = 1). Here, v4i, denotes the graph of the division function,
which is false for any triple (x,y, z) with y = 0. Consequently, the translated formula
is false. In case users had another disambiguation in mind, they have to explicitly
specify it by eliminating the function term, e.g., ¥y : ¥4i»(10,0,y) = (y = 1).

In the Answer set programming (ASP) community, substantial efforts have been
made to integrate partial functions in ASP [17-19]. These papers aim at the proper
treatment of partial functions and at constructing practical systems for ASP. In the
paper by Cabalar, any atom that contains an undefined term evaluates to false.
Furthermore, similar to Scott’s existence operator, Et is introduced as a derived oper-
ator standing for ¢ = ¢, which is false precisely when t is undefined. Given that
a function applied to an undefined term is itself undefined, it follows that FEf(¢)
implies Et. Similarly, ¢4t stands for Et; A Eta A =(t; = t2). The most interest-

ing operator (for our work) introduced in [17] is [P(ty,...,t,)], which stands for
Et; A---ANEt, = P(t1,...,t,). In this paper, we will introduce a similar operator in
Section 5.3.

The approach to partial functions by Berezin et al. in the theorem prover Cooper-
ating Validity Checker (CVC) Lite [12] is that a theory must be provably well-defined
(referred to as the principle of least surprise). A similar approach appears in the
Event-B Modeling Method [13]. In these systems, given a formula 1, the Type Cor-
rectness Condition (TCC) ¥rcce formula is generated; if ¢rcoc is valid, the formula
1 is well-defined. Importantly, the formula ¢rcc is well-defined by construction.

3 FO(PF) Syntax

This section describes the syntax of our extension of first-order logic with partial
functions. We use various meta-variables: ¢ for terms, ¢, 1, x for formulae, and « for
expressions.

Definition 1 A wvocabulary ¥ is a set of predicate and functions symbols o, each having an
arity n > 0 (denoted as o/n). A function symbol f/0 is called an constant symbol, a predicate
symbol p/0 is called a propositional symbol. In addition, for each function symbol f/n, ¥
contains a domain predicate symbol d¢/n and a graph predicate symbol v¢/n 4 1.

The equality symbol = is a special binary predicate symbol with a fixed interpre-
tation (as specified in Definition 4), for which we use infix notation. Intuitively, each
function symbol f has an associated domain predicate ¢, expressing the domain of
the function, i.e., where f is defined, as well as a graph predicate ¢ of f, which rep-
resents the set of pairs (Z,y) such that the tuple Z is mapped to an element y by



f. We assume that the logic possesses a countably infinite set X of variable symbols
(different from predicate and function symbols).

Definition 2 Given a vocabulary X, an FO(PF) term over X is defined inductively as follows:
o [f x € X, then z is a term. We refer to such terms as variable terms.
e If f/n € ¥ is a function symbol and ¢ ...,t, are terms over X, then f(¢1,...,tn) is
also a term. We refer to such terms as non-variable terms. For n = 0, we also call f() a
constant. By a slight abuse of notation, we will write f instead of f().

Definition 2.1 Similarly, an FO(PF) formula over ¥ is defined inductively as follows:
® The propositional symbols t and f, denoting true and false respectively, are formulae.
e If p/n € ¥ is a predicate symbol and ¢ ..., ¢, are terms over X, then p(t1,...,tn) is a
formula. For n = 0, we also call p() a proposition. By a slight abuse of notation, we will
write p instead of p().
o If ¢, 4, x are formulae over X, then so are:
—¢ ¢V P if ¢ then ¢ else x fi dz : ¢

An occurrence of a variable x in a formula ¢ is said to be bounded in ¢ if it is in
¥ for a subformula (3z : ¢) of ¢. Otherwise, the occurrence of z is said to be free in
¢. To avoid any technical complications with the scopes of variables, we assume that
no variable has both a free and a bounded occurrence in a formula, and that each
quantifier introduces a different variable.

Definition 3 An FO(PF) ezpression is an FO(PF) term or a formula. An FO(PF) sentence
is an FO(PF) formula in which every occurrence of a variable is bounded. An FO(PF) theory
is a set of FO(PF) sentences.”

The FO(PF) language, as defined in Definition 2, is composed of a limited set of
language connectives. Other familiar connectives, A, =, V, and < can be defined in
terms of the basic connectives in the standard way, e.g., ¢ = ¢ stands for =¢ V .

A material implication ¢ = 1 is similar in meaning to the conditional
if ¢ then 1 else t fi, but not equivalent. The difference appears, for example, in a 3-
valued context in which ¢ is undefined and v is true. There the material implication
evaluates to true and the if-then-else statement to undefined. The latter statement
is equivalent to what is known as the asymmetric or sequential version of the mate-
rial implication [8, 11]. The if-then-else conditional will be the building block for the
guarded expressions that we will define in Section 5.

4 FO(PF) semantics

In this section, we define the semantics of FO(PF) by defining the value of expressions
in a structure. Here, a structure is a mathematical object abstractly representing a

"By theory we do not mean the deductively closed set of sentences, but an arbitrary set of sentences.



state of affairs (i.e., value assignment to vocabulary symbols). Based on the truth
conditions of the language connectives, the three-valued truth assignment to complex
expressions is recursively defined.

Following is the formal definition of a FO(PF) structure. Below, D™ denotes the
n-fold Cartesian product of the set D.

Definition 4 Given a vocabulary X, a partial function structure 20 over ¥ is a two-valued
structure consisting of:
® A non-empty set L{Ql, called the universe of . If 2 is clear from the context, it will be
denoted compactly as U.
® An assignment of interpretations o2 to non-logical symbols o € 3:

1. Per predicate symbol p/n € X, a relation pQl cum.

2. Per function symbol f/n € X, a set fQl C U™ x U such that for all tuples
(d,e1), (d,e2) € f, it holds that e; = ez. The corresponding relation® is assigned
to the graph predicate symbol ,Yle ={(d1,...,dn,e) | (d1,...,dn),e) € f2}. If
((d1,...,dn),e) € f*, we write f(dy,...,dn) =e.

3. Per domain predicate symbol §¢/n € X, 5fQ‘ is the domain of fgl7 ie., {d]|3ec
U:(de) e f2y.

e The interpretation =2 is the identity relation {(d,d) | d € U} on U."

To be able to evaluate formulae with free variables, a structure 2l needs to be
extended with a variable assignment denoted here as [y : dy,...,z, : d,]. Thus,
Axy : dy,...,z, : dy] denotes the structure obtained from 2 by interpreting the
variable x; by a domain element d; € U for all i. To denote the value d; of a variable
z; in A, we use the x?‘ notation.

We now define the evaluation function of FO(PF) as an extension of Kleene’s
strong truth assignment. It maps expressions to their value. A term is mapped to either
an object from the domain of discourse or to the special value ..., representing
an undefined object. A formula is mapped to t, f, or the special value L o muia
representing an undefined truth value. Hence, while the structure is two-valued, the
evaluation function is 3-valued.!® When clear from the context, we omit subscripts
and simply write L.

Definition 5 Let o be an FO(PF) expression over vocabulary 3, and 2 a partial function
structure (over vocabulary ) extended with a variable assignment over the free variables of
a. The value of a in 2, denoted as [a]¥, is defined by induction on the structure of o

[]* = 2™,

8The function and its graph symbol do not share the same interpretation within the structure (although
they contain the same information), as this distinction simplifies certain definitions and theorems later in
the paper.

9Note that every structure with the same domain interprets “=" as the same relation. In certain con-
texts, it is natural to include additional symbols with a fixed interpretation, e.g., in arithmetic, one could
add function symbols for the operators +, —,-, / with their standard interpretations, together with the
corresponding domain and graph predicates.

19An alternative would be to incorporate the undefined values in our notion of structure. However, we
choose to stay close to the standard set-theoretic implementation of concepts.
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PRI, - )™, if [t]™ # L fori e {1,...,n}
[f(te, ... ta)]* = and ([t:1]%, ..., [tn]™) € 67,

1, otherwise;

t, if[5]* # Lforie{1,...,n} and ([t]%, ..., [ta]™) € p™;

p(t1, . t)]™ =S8, i [G]* # Lforie{1,...,n} and ([1]%, ..., [ta]™) & p*;
1, otherwise;
t, if [p]* =f;
[=g]® = < £, i [¢]* =t;

t, if for some d € Z/lgl7 [[(;ﬂ]m[w:d] =t;

[Bz:¢]* ={f, iffor all d € U™, [¢] ¥ = ¢;
1, otherwise;

if [p]* =t or [¥]* =¢;
[ov o™ = if [¢]* = [¥]* = f;

t7
f7
1, otherwise;
Lo if[e]* =1
[wI®, if [o]* = t;
D™, if [¢]* = £

We say that 2 satisfies a formula ¢ if [[(ﬂ]m = t. We say that 2 satisfies a theory T if it
satisfies all formulae of T'.

if ¢ then ¢ ]>
else x fi a

|
|
|
|
|

According to the Definition 5, undefinedness arises only by application of a partial
function to entities outside its domain. If all functions are total, the truth assign-
ment coincides with the standard two-valued assignment of classical first-order logic.
Similarly, if a formula is well-defined in a partial function structure according to the
three-valued semantics, it preserves the value in the two-valued semantics in a struc-
ture obtained by expanding all partial functions to an arbitrary value outside of their
domain. Towards the formalization of this property, we define such an expansion of a
partial function structure.

Definition 6 A total expansion of a partial function structure 2l is a structure AT with the
same universe as 2 such that, for each predicate symbol p € ¥ (including domain and graph

T T
predicates), pQl equals pm, and for each function symbol f € X, le is a total function

expanding the partial function fQ[, ie., fg‘ - fQ[ . This function coincides with le on
elements in the domain of fQl and otherwise assigns an arbitrary element of the universe.

Remark 1 The total expansion of a partial function structure preserves information about
the partiality of functions via the domain and graph predicates. This property is important
for Theorem 1.
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The following theorem shows that an FO(PF) expression « that is well-defined
in a partial function structure 2 (i.e., [a]® # 1) has the same value in any total
expansion AT of 2.

We use the notation [|a|® to refer to the value of an expression o in an FO
structure 5 under the standard two-valued semantics.

Theorem 1 Let a be an FO(PF) expression over vocabulary 3, 2 a structure (over ), and

A an arbitrary total expansion of A. Then [o]® # L implies [a]* = Ha||2lT.

Proof We prove that [o]® # L implies [o]® = ||0¢||QlT by structural induction on «. Let us
consider the case where « is a term of the form f(t1,...,tn). Assuming that [f(t1, ..., )] #
L, we infer from Definition 5 that [t;]® # L for all 4, and ([t1]%,..., [ta]™) € 6?. By the
induction hypothesis, the former implies that

2 At
[t:]™ = Il
for all 7. By Definition 6, the latter implies that

R
FR( 2 RO (7% IR S (2 [ (4 Ao
Combining the two, we find that

Lty tn)]™ = 20T [En]™)

= (1%, ]

At o'l AT
=7 U™ o llEall™ )
AT
=[|f(t1,.- - tn)l” -
The proofs for the other cases are straightforward. O

Kleene [6, p. 334] called this property the regularity of language connectives and
expressed it as a property of truth tables. Fitting [8] explored it as a monotonicity
property of language connectives in an order where | is below both t and f.

5 Guarded FO(PF)

In this section, we propose syntactical constraints to ensure the well-definedness of an
FO(PF) formula. The building blocks of such formulae are guards (hence the name
Guarded FO(PF)). These guards ensure that partial function terms occur only in
subformulae where it is guaranteed that these terms denote.

For example, to “guard” the atom 1/x > 0 against division by 0, one can use
if 0,(1,z) then 1/x > 0 else ¢ fi where ¢ can be t or f (or another guarded formula)
depending on the desired outcome when x = 0. We call such guarding a conditional
guarding. In this example, the subformula 1/z > 0 is guarded because it appears
in the contert of the domain predicate ¢,(1,z). In the simplest form of guarding,
for a formula ¢ to be in the context of a domain predicate d7(¢) means that ¢ is
in the “then” part of an if-then-else statement where d7(¢) is in the condition, i.e.,
if 0;(¢) then ¢ else ¢ fi. This entails that the partial function term f(f) can safely

12



occur in formula v, as we know that ¢ is in the domain of f. Formally, we define a
guarding relation |+ between guarding contexts w, which are sets of domain predicate
atoms d(t), and FO(PF) expressions «, by letting w I a iff for every function term
f(t) in o, the corresponding domain predicate atom d¢(t) is in w, or f(t) occurs in the
“then” part of a conditional whose condition contains d7(¢). It should be intuitively
clear that a guarded formula cannot be undefined, in the sense that it always evaluates
to true or false, as made precise in Theorem 2.

Definition 7 Given a vocabulary X, a guarding context w (over X) is a set of domain
predicate atoms over vocabulary 3.

The guarding relation |F between guarding contexts w and FO(PF) expressions «
is defined by structural induction on «. The definition is presented as a set of inference
rules (also known as typing judgments in type systems literature). Such inference rules

1. n
are of the form 10) , which should be read as “if the premises v ..., hold,
then the conclusion ¢ holds”. Here, IV is the name of the rule.

Definition 8 Let ¥ be a vocabulary. The guarding relation I is a binary relation between
guarding contexts w (over X) and FO(PF) expressions « (over X). It is defined by structural
induction on « via the following rules:

[ wlFé
_Q _wirt ol
ot O o Ofe og G O p(?) Gatom o0 —¢ Greg
w ¢ wH-wG wlFo 5f(f)€w w\Ft_G
wkovy U i3z w - f(F) term
wikt...wlbtn wikg wU{ds(f1),...,07, E)}FY wlikx
cond

wlkif 67 (£1) A--- A by, (tn) A ¢ then o else x fi
Here ¢ stands for the terms t1,...,tn, and w IF £ stands for the premises w IF t1... w Ity
(or for no premises if n = 0). If w IF «, we say that a is guarded in the context w. If « is
guarded in the empty context (), we say that « is well-guarded.

In many situations, there are function symbols that are always total. In integer
arithmetic, for instance, all numerals (...,—1,0,1,...) denote, and so do the addition
(4), subtraction (—), and multiplication (x) of any two numbers. For this reason, it is
convenient to differentiate between total and partial functions at the vocabulary level.
In practical KR systems supporting partial functions, users may specify which of their
function symbols represent total functions and which represent partial functions. For
built-in functions (like arithmetic operators), this is specified by the designers of the
systems.

In our formalism, we can take these total function symbols into account by includ-
ing them in our guarding context. Given a vocabulary ¥, we define a guarding context
wte consisting of all domain atoms §. for which ¢ is a total constant symbol. Cor-
respondingly, each total constant symbol in ¥ is assigned a value in each partial

13



function structure 2l. To additionally take non-constant total function symbols into
account, we need an extension of our notion of guarding context, as will be discussed
in Section 5.4. Finally, we say that an FO(PF) expression a over vocabulary ¥ is well-
guarded in X if wy IF .

Ezample 1 The formula 3z : 10/x = 1 is not well-guarded (although it is well-defined as
commonly interpreted in the natural numbers), as the term 10/x is not guarded. The guarded
version of the statement, under the assumption that the constants 10 and 1 are total, is:

3z :if §,(10,z) then 10/z =1 else f fi

We show this by deriving that this formula is well-guarded in the context wt. containing &y,
for each natural number n (meaning that symbols n denote). For compactness, we write wj,
for wec U {0,(10,2)}. This derivation should be read bottom-up.

v
v 510 € Wie v v
o 0/(10,2) € e wiC/H- 10wk 6 € “he o
wie IF 10/ we IF 1
, whe I 10/z =1 atom
010 € Wte v :
wie IF 10 term wie lFx Guar v
wie IF3/(10, ) atom I e E C1e
wee I-if 6,(10,7) then 10/z =1 else f fi Gczzd

wie IF Az ¢ if 5/(10,30) then 10/z =1 else f fi
(Recall that = is a binary predicate symbol.)

Finally, the following theorem states the main property of well-guarded expressions
always being two-valued.!! We prove this result for a general context w. In particular,
it holds for the context wy,.

Theorem 2 Given an FO(PF) expression a over vocabulary ¥ and a guarding context w, if
w Ik a, then [[oz]]Ql # L for every partial function structure 2 over ¥ that satisfies w. 12

Proof The proof is by structural induction on a. We discuss the two most interesting cases.
Proving the other cases is straightforward.

Case 1: « is of the form f(f). Suppose that w I- f(%). By inspection of Definition 8, we
must have 6f(f) € w and w I £. Let A be a partial function structure over ¥ satisfying w. By
induction hypothesis, w I £ implies that [t;]* # L for all i. Furthermore, since 0¢(t) € w, we
have that 2 |= d¢(f). As a consequence, [o]® # L.

11 This is what distinguishes our work from all the existing approaches discussed in Section 2.
12Note that a context w is a theory. Hence, the requirement that 2 satisfies w means that 2 satisfies all
formulae in w.
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Case 2: « is of the form if ¢ then i else x fi. Suppose that w I if ¢ then ¢ else x fi.
By inspection of Definition 8, there must be domain atoms d¢, (¢1),...,d¢, (£») and a formula
¢’ such that ¢ equals &p, (£1) A -+ A by, (tn) A/, and w I Ty, .., w IF &, w IF ¢, wU
{67, (t1), ..., 85, (tn)} IF 9, and w Ik x. (Possibly, n = 0 and ¢' = ¢.) Let 2 be a partial
function structure over ¥ satisfying w. By induction hypothesis, w I+ ¢’ implies [[¢’]]Ql #* 1.
Since [y, (;)]* # L for all i, it follows that [¢]® = [67, (F1) A+~ Ady, (Fn) A¢']* # L. Then
either [¢]* =t or [¢]* = f.

In case [[gzﬁ]]gl = t, we have that [dy, (fi)}]m = t for all . It follows that A |
w U {d,(t1),...,0y, (tn)}. Applying the induction hypothesis on the fact that w U
{64, (F1),-.., 07, (fn)} IF 4, we find that []* # L. Hence [a]* = [¢]* # L.

In case [¢]% = £, we have [a]* = [x]® # L, where the latter follows from w I+ x by
induction hypothesis. O

The converse of Theorem 2 does not hold in general. A counterexample is the
formula if z # 0 then 1/ > 0 else f fi. It is clearly well-defined, but not well-
guarded according to Definition 8.

By applying the previous theorem to the context ws., we obtain that if w;. IF «,
then [a]® # L for every partial function structure 2 over Y that satisfies ws.. In
words, one could say that every well-guarded expression is well-defined.

Checking well-guardedness of an FO(PF) expression can be done by simply follow-
ing the rules of Definition 8. This yields a decidable method that runs in polynomial
time.

Theorem 3 The well-guardedness of a given FO(PF) expression in a given context can be
checked in polynomial time.

Proof To check whether a formula is well-guarded in a context, it suffices to traverse its
Abstract Syntax Tree (AST) once.'® The recursive procedure is specified in Algorithm 1.1
It takes as input a context of domain predicate atoms and the AST of an FO(PF) expression,
and it decides whether the expression is guarded in the context. The function guards used
in this procedure takes as input an FO(PF) formula 1, and returns an array of all domain
atoms occurring in ¥ as a top-level conjunct. This function is specified in Algorithm 2.

O

5.1 Conjunctive and implicative guarding

According to Definition 8, an FO(PF) formula ¢ can only be well-guarded if each
of its terms f(#) occurs strictly in the “then” part (i.e., within % in formula 1) of a
conditional subformula of ¢, where the constraint includes the domain atom d(¢).
That is, ¢ must contain a subformula of the form:

if ---Adf(f)A... then ¢ else ... fi (1)

13 An AST of an FO(PF) formula is a finite rooted tree that represents the syntactic structure of the
formula: each internal node is a logical operator, quantifier, or a predicate/function application; each leaf
is a variable, proposition, or constant.

14Note that this procedure can be easily adapted to generate a detailed report of unguarded terms, which
is particularly useful for reporting errors to the end-user.
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Algorithm 1 Procedure to calculate w IF a
Input: w — an array of domain atoms over X
Input: a — an abstract syntax tree of an FO(PF) formula over
Output: True if w IF a and False otherwise
1: procedure IF(w, a)

2 n < root(a) > Let n be the root node in AST a

3 if if—then—else(n) then > n is an if-then-else node

4: gc < IF(w, cond(n)) > Check “condition”

5 gt < IF(w U guards(cond(n)), then(n)) > Check “then” part in the context

6 extended with all domain atoms

from the “condition”

7 ge + IF(w, else(n)) > Check else part
return gc A gt N\ ge

9: else > n is any other node

10: g < True > Let g be true

11: if term(n) then > If n is a term node

12: g < var(n)Vd, € w > Check if n is a variable or if the domain

13: atom of n is in the context

14: end if

15: for ng € sub(n) do > For each subterms/subformulae (ng) in n

16: g+ g Al (w, ng) > Check subterms/subformulae and save in g

17: end for

18: return g

19: end if

20: end procedure

While this form of guarding provably leads to two-valued formulae in every structure,
it also leads to long, verbose formulae that quickly become cumbersome to read and
write. Below, we introduce more convenient guarding constructs that continue to
ensure well-definedness and non-ambiguity.

In most sensible cases, the else part of a conditional (if-then-else) guard is either t
or f. For these cases, we introduce the directional conjunction A and the directional
implication = , which are defined as follows:'®

A = if ¢ then o else f fi
¢ = 1 = if ¢ then ¢ else t fi
Here = stands for syntactic equality. The directional conjunction (7) satisfies the

associativity law, while commutativity is lost. The exportation law ((pﬁq) = 7“) &

(p 2= r)) also holds, as can be easily checked.
Using these new connectives, the formula from Example 1 can be expressed as

3z : 6,(10,2) A10/x = 1,

15The reader is invited to read McCarthy’s left-sequential 3-valued propositional logic [11], and Fitting
[8] for more details.
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Algorithm 2 Procedure to extract guards from a formula ¢
Input: ¢ — an FO(PF) formula
Output: Array of domain predicate atoms in v
1: procedure guards(1))

2: n <— root(1)) > Let n be the root node in AST ¢
3 if atom(n) then > n is an atomic formula
4 if delta(n) then > n is a delta predicate
5 return n

6: end if

7 else if conjunction(n) then > n is a conjunction
8 return guards(left(n)) U guards(right(n)) > Return guards from
9: left and right conjunct
10: else > Otherwise
11; return () > Return an empty array
12: end if

13: end procedure

Furthermore, directional connectives allow for an easier chaining of guards. Consider
the following example: “Alex’s mother is a doctor”, modeled as Doctor(mother(alez)).
Using directional connectives, this formula can be guarded as

Oales ﬁémother (alex) K}Doctor(mother(alex)).

Notice that the order of the guards is important. The term alex has to be guarded
first as it occurs as an argument in the guard for the mother function.

- We extend the guarding relation with explicit rules for the directional connectives
A and = (which can be derived from their definition in terms of the conditional
connective).

Definition 9 The guarding relation from Definition 8 is extended with the following rules:
wlikt wU{ds(t)} - wlFt wU{sp(B)}IF
wlk 8 (DAY on Wik o;(0) = o e

5.2 Term guarding

To guard partial function terms as described above, a domain predicate must be
introduced for each subterm. This method becomes cumbersome for already fairly
small terms. To mitigate this issue, we introduce a new unary meta-function A that
sends FO(PF) terms to FO(PF) formulae. Informally, one can see this function as a
predicate expressing that a term'® is well-defined. Formally:

16 A similar operator is introduced by Gavilanes-Franco and Lucio-Carrasco [9], where At evaluates to
true if term ¢ is defined and to false otherwise. In their approach, A is a total and non-strict operator (i.e.,
it yields a value even when applied to an undefined term).
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Definition 10 Given an FO(PF) term ¢, we define an FO(PF) formula A(t) by structural
induction on t, via the following rules:

A(z) =t if t is a variable z
A(f(5)) = A(5)R64(5) if t is a non-variable term f(3)

Here we used A(S) as shorthand for A(sl)x> . WA(sn), where 5 = s1,...,8n.1"

For example, the statement “Alex’s mother is a doctor” is guarded with A as
follows:

A(mother(aleaz))K)Doctor(mother(alex)).

This formula is well-guarded as A(mother(alex)) is a syntactical abbreviation for
6al81‘76m0th67‘(a16x)-

5.3 Implicit guarding

This extension is motivated by the observation that, in many cases, the same disam-
biguation applies to all terms within a formula. For instance, in the sentence “Alex’s
mother is a doctor” one usually assumes implicatures that both “Alex” and “Alex’s
mother” exist. Another example is: “The queen of France is the wife of the king of
France”. In this case, one may accept this statement as true even when France has no
queen or king, i.e., when seen as a statement about the concept of queen of France.
Therefore, we introduce two new language constructs.'® The annotation [[¢]] stands
for implicit conjunctive guarding and the annotation {{¢)) for implicit implicative
guarding. Informally, when a formula is implicitly guarded, it is extended with guards
for all the terms it contains. For example:

[[Doctor(mother(alex))]] = (5alex75mother(alem)K)Doctor(mother(alex))
((gof = wife(kof))) = Squs N Okos A duise (kof) = qof = wife(kof )

Informally, these two statements stand for: “Alex exists, they have a mother, and
their mother is a doctor.”, and “If the queen and the king of France exist, and the king
of France has a wife, then the queen of France is his wife.”

The intuition behind these two language constructs is simple, however, their for-
malization is more complex. The complexities are introduced by terms that are already
guarded, the scope of variables, and the nesting of implicit guards. In the following

17Recall that constant symbols are 0-ary function symbols. Hence, they are covered by the second rule,
which in this case reduces to A(c) = §..

1810 [10], de Nivelle introduces similar operators [A]B and (A)B (respectively lazy implication and lazy
conjunction) which do not evaluate B if A is false (i.e., if A is false then both [A]B and (A)B are false).
Furthermore, when A is false, it is not even needed to prove that B is a proposition at all (but it is necessary
in case A is a proposition and true). In this sense, it is possible to make a connection to our connectives
([[#]] and ((¢))) where ¢ needs to be well-defined only when the introduced conjunction of domain atoms
0ty N ... N0y, is true. An important difference is that operators defined in this paper implicitly introduce
the guards, relieving the user from explicitly guarding potentially undefined expressions. For example, by
assuming that §_ (z,y) is defined as §_(z,y) < Nat(xz) A Nat(y) A z > y, the example from the Section 2
Vzy : [Nat(xz) A Nat(y)]z > y = Nat(xz — y) can be expressed as Vz,y : ({(Nat(z — y))).
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three examples, we explain the expected behavior of the new language constructs in
these special cases.

Ezample 2 Consider the statement “the King of Belgium exists, and if the king of France
exists, these two individuals cannot be the same”, formalized as:

[[Bkof = kof # kob]]

Since kof is already guarded, the implicit guard [[ - ]] should not take it into account, i.e.,
this sentence stands for (for the readers’ convenience, we label the newly introduced guards
by underlining them):

Okob N (Okos = kiof # kob)

Ezxample 3 Consider the statement “There is a country colored red” formalized as:
[[3c : colorOf (¢) = red]]

Since the scope of the variable ¢ is limited by the quantifier, it is impossible to bring its
domain predicate out of it. Hence, this sentence stands for:
éredﬁﬂc : colorOf (¢) = red

Notice that this sentence is not well-guarded yet; term colorOf (c) is not guarded.

Ezxample 4 Consider the statement “Given that France is colored, if it is colored blue, then
no country is colored red” formalized as:

[[colorOf (fr) = blue = Ve : {{=(colorOf (c) = red)})]]

Similarly to Example 2, implicit guards should not take into account terms that are already
guarded. In this case term red is guarded by ({-)) and hence it should not be considered by
[ -1]- This becomes clear by first rewriting the (- )) guard, resulting in:

[[colorOf (fr) = blue = Vc : 5red75color0f (¢) = = (colorOf (c) = red)]]
Finally, the meaning of the original sentence is:
— — —
5fr A 5blue A 5color0f (fr) A

(colorOf (fr) = blue = Ve : 5red7‘scolor0f (€) = —(colorOf (c) = red))

The examples above illustrate that defining implicit guards depends on identifying
the set of unguarded terms in a formula. We therefore begin by formally defining these
terms.

Definition 11 Let ¢ be a formula and ¢ a term. The term ¢ is said to be guarded in ¢ if:
® { is a variable term, or

® {is anon-variable term f(k), and every occurrence of ¢ in ¢ appears within a subformula

% of a conditional of the form (if d7(k) then ¢ else x fi) in ¢.

Otherwise, the term ¢ is said to be unguarded in ¢.
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Ezample 5 In formula ¢ = dpy = qof = wife(kof), term kof is guarded, and terms gof
and wife(kof) are unguarded. This is the case because ¢ stands for if dy,p then gof =
wife(kof) else t fi.

Finally, we define the two new implicit guarding constructs. By a slight abuse of
notation, we will often write d; to denote d¢(k) for a non-variable term ¢ = f(k) (which
reduces to d. if ¢ is a constant c).

Definition 12 Let ¢ be an FO(PF) formula, and let {¢1, ..., tn} be the set of all unguarded '’
terms in ¢ that contain no variables introduced in ¢. We define the implicit guards of ¢ as:
e e U
[l = 0e, X ... Ny, N () =00, K ... RS, S 0
such that, if a term ¢; is a subterm of a term ¢; then i < j.

Proposition 4 [[-]] and {{-)) are dual operators, i.c., {{®)) is equivalent to —[[~¢]] for all
formulae ¢.

Proof We start by observing that —(if ¢ then —¢ else f fi) is equivalent to
if ¢ then ¢ else t fi for all formulae ¥ and ¢. Stated differently, —\(wﬁ—\qﬁ) is equivalent
to ) = ¢ for all formulae ¢ and ¢. Picking 1) = 51517 e 75,3" (for all unguarded terms
{t1,...,tn} in @), we obtain that ({¢)) is equivalent to —[[-¢]] for all formulae ¢. O

Definition 13 The guarding relation from Definition 9 is extended with the rules:
wU{dty,...,0t, }IFo wu{étl,...,dtn}H-¢)G”
w I [[¢]] e w I {({¢)) o
Where {t1,...,tn} is the set of all unguarded terms in ¢.

Recall the approach from IDP [16] and MiniZinc [15], where the statement 1/z > 0
is disambiguated as either 3y : vg4ir (1,2,y) Ay > 0 or Yy : Vg (1, z,y) = y > 0. In
FO(PF), these are expressed as [[1/xz > 0]] and ({(1/z > 0)).

Note that existential quantifiers usually go with conjunctive guards (i.e., 3z : [[¢]])
and universal with implicative guards (i.e., VZ : {{(¢))). However, the theoretical
language of partial functions presented so far in this paper does not include any
assumptions. Nevertheless, these observations are useful and will be discussed in
Section 5.5.

5.4 Indirect guarding

The guarding methods discussed so far in this paper focus on individual formulae
rather than on entire theories (i.e., sets of sentences). Grouping sentences into a theory
enhances the modularity and compactness of the formalization, which can, in turn,
lead to more efficient guarding, as demonstrated in the following example.

19Notice that Definition 12 relies on Definition 11 (guarded terms) to handle implicit guards as well
(see Example 4). This works because Definition 11 is well-defined for formulae that do not contain implicit
guards. Therefore, implicit guards can always be resolved in a bottom-up manner.
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Ezample 6 Let symbols fr and red be constant symbols (representing country France and
color red) and let the theory T' be the set of the following sentences:

Ored- Ofp- Country(fr). (Y1-3)

vz : Country(z) = dclosest (T)- (14)

Yz : Country(z) = dcolorof (). (v5)

Vz : Country(z) = Country(closest(x)). (v6)
colorOf (closest(fr)) = red. (v7)

This theory states that the constant red denotes (1), the constant fr denotes a country
(12—3), the functions closest and colorOf are defined for all countries (14_5), the function
closest maps countries to countries (1g), and the color of the county closest to France is red

(7).
The sentences (13), (16), and (17) contain partial functions. We informally justify why

each of them is well-defined. Formula (¢3) is well-defined since the term fr is defined (¢2).
To show that formula (¢) is well-defined, we shall show that the term closest(x) is defined.
Observe that z is constrained in (¢g) to be a country. From (t4) follows that closest is
defined for all countries. Finally, (17) contains the terms colorOf (closest(fr)) and red. Term
red is clearly defined (¢1). On the other side, fr denotes a country (¢2_3), and the function
closest is defined for countries (14). Hence, closest(fr) is denoting. From (1) follows that
closest(fr) also denotes a country. Function colorOf is defined for countries (¢5).

Although the theory from Example 6 is well-defined, the sentences (¢3), (1), and
(17) are not well-guarded. Nevertheless, we demonstrated that the well-definedness
of this theory can still be justified through syntactical reasoning. This aligns with the
core principles of the guarding approach, and thus, we extend the notion of guarding to
FO(PF) theories. The reasoning outlined in Example 6 can be summarized as follows:

1. The well-definedness of a term in a formula may be entailed by a domain predicate
found elsewhere in the theory.

2. Sometimes, well-definedness of a term is not derivable directly from the theory,
but through a series of modus ponens applications.

Incorporating these ideas into the existing logic requires an extension of the
guarding context and guarding relation:

Definition 14 (Extension of Definition 7) - Given a vocabulary X, a guarding context w
(over X)) is a set of formulae over X of the following format:

VZ:Pi(51) A APn(5p) = PE)A ¢ (2)

where Pi,..., P, and P are predicate symbols and ¢ is an FO(PF) formula. Here we see

formulae of the form P(¥) A ¢, VZ : P(¥) A ¢ and Pi(51) A--- A Pn(3n) = P(k) A ¢ as special
cases of formula 2, where k = 0 and/or Z is empty.

Thus far, a guarding context was used merely to check whether a given domain
atom was a member of it. However, after extending the context with formulae from
a theory, we aim to determine whether an atomic fact is implied by the context. We
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introduce a new symbol € for representing this relation, and define it simultaneously
with the guarding relation.

Definition 15 The guarding relation from Definition 13 is extended with the following rule
defining the € relation:

VZ:Pi(51)A-ANPn(Sm)=P)ANpEw Pi(5)T—ul Ew
P(flz — 1)) € w

Gp—z'mp

The rule Gy contains the premise P;(5;)[Z — @] € w for every iin 1,...,m (or no premises
if m = 0). Here “—” stands for term substitution, and each symbol with a bar (e.g., ¥) stands
for a tuple of terms. The arities of Z and @ must match, while the arities of the §; may differ.

Definition 16 The rules Gterm and Gy, q from Definition 13 are replaced with the following
rules:

i) ew wi-t
—Gterm
w - f(#)
wikti..cwlkty wibke wU{P(t1),..., Pu(tn)} kY wliFx
wlFif PL(f1) A~ A Pu(in) A ¢ then o else x fi cond

Notice that the rule Gp.imp has € in its premise, which makes it possible to “chain”
implications from the context. Terms @ can be understood as arbitrarily chosen such
that, by substituting all variables in the terms #, the desired terms are obtained. The
purpose of the G ,pq rule is similar to the corresponding one from Definition 8, but
it introduces additional atoms (not only domain atoms) in the context.?’

Ezample 7 Let w = {¢1,...,%¢} from the Example 6. We show that the formula 7 from
the same example is well-guarded in w.

v
v P3 €Ew v
G Yy € w Country(fr) € w pimp P2 € w G
prvmp Sclosest (fr) € w (sfr Ew é_lmp
w Ik closest(fr) ferm
v :
v P3 Ew :
v g € w Country(fr) € w éiir‘np v
s € w  Country(closest(fr)) € w Gp_lﬁp P Ew .
Grorm 5colorOf(Cl05€5t(fT)) Ew prvme Ored €W pte’:;p
w |- colorOf (closest(fr)) w |- red
w |- colorOf (closest(fr)) = red atom

20Notice that it is possible to replace the extended guarding from Definition 15 with a proof system, and
simply check if the domain predicates of unguarded terms are entailed by the theory. This would oppose
the approach presented in this paper, which is focused on decidability and prudence.
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Recall the beginning of this section where domain atoms were added to the context
(wie) expressing that constant symbols are denoting. Similarly, using indirect guard-
ing, we can specify total functions. For example, adding a sentence Vzx : dco0rof () to
the context expresses that function colorOf is total. Accordingly, we extend the con-
text wy. over vocabulary X to contain domain atoms d. for all total constants ¢ in X,
and formulae Vx1,...,2, : 0¢(x1,...,2,) for all total functions f/n in X. Addition-
ally, the context is extended with all formulae from a theory T satisfying the syntactic
format from Definition 14. Formally:

Definition 17 A guarding context over an FO(PF) vocabulary ¥ (with total constant and
function symbols), and an FO(PF) theory T, denoted with thC, consists of:
® Vri,...,xn : 0f(21,...,%n) € th(; for every total function symbol f of arity n (for
constants, i.e., n = 0, this is §¢ € wg;)

LINONS wg; for every formula ¢ in T that satisfies the syntactic format from Definition 14.

With the extended versions of definitions 7 and 8 and the context wl., we define
what it means for an FO(PF) theory to be well-guarded.

Definition 18 An FO(PF) theory T over a vocabulary ¥ is well-guarded if wg; IF % holds
for all sentences 1) in T'.

The property of well-guarded formulae being well-defined (Theorem 2) extends
to well-guarded theories. However, we first need to precisely define what it means
for a theory to be well-defined. Informally, an FO(PF) theory is well-defined if the
conjunction of all its sentences is well-defined (where the order of conjuncts is not
important).

Definition 19 An FO(PF) theory T over a vocabulary X is well-defined if for every partial
function structure 2 over ¥, it holds that [A ¢ oI # L.

Theorem 5 Every well-guarded FO(PF) theory is well-defined.

Proof Let us first observe the following:

1. From Definition 8 it follows that the well-guarded property is closed under conjunc-
tion, i.e., the conjunction of two well-guarded formulae is a well-guarded formula (note
that Definition 8 has no explicit rule for conjunction, but it can be obtained from the
disjunction and negation rule in the standard way).

2. Theorem 2 (which says that a well-guarded formula is well-defined) holds for the
extended definition of the guarding relation (i.e., Definition 15 and 16). This is because
structures taken into account in Theorem 2 have to satisfy the context in which the for-
mula is guarded (recall that this context includes a part of the theory; Definition 18). It
is obvious that rule Gyp.imp operating on the sentences from the context is sound (i.e.,

23



they are deriving atoms that are entailed by the context) as they are a special form of
modus ponens inference.

An FO(PF) theory T is interpreted as a conjunction of all its formulae (Definition 19).
From the condition that theory T is well-guarded and the first observation, formula A beT ¢ is
well-guarded (note that this formula is guarded in the context obtained from the formulas of
theory T satisfying conditions from Definition 14). Due to the second observation, Theorem 2
applies, and therefore such a formula is well-defined. O

5.5 Pairing guards with quantifiers

Certain guarding patterns are commonly observed in all examples throughout the
paper (as pointed out in Section 5.3). In particular, these patterns are present in the
context of quantified formulae. For example, the existential quantifier is more often
paired with the conjunctive guards, while the universal quantifier is paired with the
implicative.

A reason why an existential quantification is commonly not followed by a weak
disambiguation (i.e., 3z : ((¢))) is because it is trivially true in case ¢ contains a
non-total function (not in the scope of some other quantification). For instance, the
statement 3z : {(shoesize(x) = 40)) is true in case the universe contains an object that
has no shoe size, e.g., a chair. A more plausible statement is 3z : [[shoesize(z) = 40]],
which says that there exists an object that has a shoe size equal to 40. Similarly,
combining a universal quantifier with a strong disambiguation (i.e., Vz : [[#]]) yields a
statement that is trivially false in case ¢ contains a non-total function. For instance,
the formula Vz : [[shoesize(x) < 50]] is false in case the universe contains an object that
has no shoe size. A more plausible statement is Vz : ({shoesize(z) < 50)) which says
that any object with a well-defined shoe size has shoe size less than 50. Nevertheless,
the statement Vx : [[shoesize(x) < 50]] is still sensible, in case one wants to express
that every object has a well-defined shoe size and it is less than 50.

For this reason, our system makes no default assumptions (as a difference to sys-
tems proposed in [15, 16]). Users should themselves specify how to disambiguate
any potentially ambiguous part of a statement. Thereby, prudence is maintained and
precision is guaranteed.

6 Unnesting terms

Nested function terms are very common in the modeling of human knowledge, e.g.,
“Alex’s father is a doctor”, Doctor(father(alex)). We demonstrated in the previous
section that sentences containing them can carry an ambiguity. Sometimes, there is
a need to eliminate functions (e.g., because the preferred solver does not support
functions). This can be achieved by unnesting, i.e., introducing new quantified vari-
ables and replacing functions with their graphs?!. A good overview of the technique
is available in [32]. The first part of this section demonstrates that different unnesting
techniques that are equivalence-preserving in classical logic are no longer equivalence-
preserving in FO(PF). This directly impacts the ability to automate the unnesting

21Recall that the graph predicate of a function f is denoted by Y-
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process. Offloading this task to the user would significantly increase the complex-
ity of the modeling task. Therefore, restoring this property is important to enable
automation and reduce manual effort, which in turn minimizes the potential for user-
introduced errors. In the latter part of this section, we demonstrate how to restore
equivalence for certain unnesting techniques in a well-guarded formula.

First, we consider the unnesting of a constant symbol by introducing a new
existentially or universally quantified variable.

Ezample 8 Given the formula Doctor(father(aler)), the constant alex can be unnested
(existentially or universally) as follows:

3z : Yyieq () A Doctor(father(z))
VT : Yalex (x) = Doctor(father(z))

Notice that the two formulae are equivalent in classical two-valued logic because there is
exactly one = such that v,jeq (z). This is not the case when the term alez fails to denote. If
alex is non-denoting, then 74, () is false for every x, and hence the first statement is false
and the second is true.

Next, we demonstrate the unnesting of a constant symbol in different places of the
syntax tree.

Ezample 9 Consider the formula t V' Doctor(father(alez)) (where t stands for true), and the
two following unnestings of the term alex:

t V (32 : Vgier () A Doctor(father(z)))
3z : Yaiex () A (8 V Doctor(father(z)))

The first formula preserves the truth value since it is tautologically equivalent to the original
formula. However, the second formula is false when alez is non-denoting.

Deeply nested terms introduce additional complexity, as they can be unnested in
different orders.

Ezample 10 In the formula Doctor(father(alex)), it is possible first to unnest the term
alex and then father, or vice versa. Different combinations of quantifiers for different terms
(universal for alez and existential for father) results in the following two formulae:

1. Unnesting the term alex with a wuniversal quantifier from the formula
Doctor(father(alex)) results in: Va : v4ie.(x) = Doctor(father(x)). Next, unnesting the
term father(x) with a existential quantifier results in:

VT Yalex (‘T) = (31}1 : ’Yfather(xv $1) A DOCtOT(wl))

2. Unnesting the term father(alex) with an existential quantifier from the formula
Doctor(father(alex)) results in: 3x : Yatper (alex, ) A Doctor(z). Further, unnesting the
term alex with a universal quantifier results in:

3z 1 (V21 : Yatex (£1) = Vfather (x1,2)) A Doctor(x)
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These formulae are not equivalent. A counter-example would be a world without doctors and
where alez does not exist.

In conclusion, as the examples above demonstrate, there are numerous ways to
eliminate all nested function terms from a formula. This depends on the choices of
the quantifier, depth in the syntax tree, and order for each term. The problem is
that in FO(PF), different combinations of unnestings are not equivalence-preserving.
However, certain choices yield a safely unnested formula, whereby “safe” means that
if the original formula is well-defined, the unnested version will have the same value.
For example, applying unnesting only on the level of atoms is a safe approach for the
following two reasons:

e The problem of unnesting terms in different places of the syntax tree (i.e.,
Example 9, the second option) is eliminated.

® The condition that the original formula is well-defined eliminates the problem of
different quantifiers from Example 8. This is because the replaced term is either
defined, in which case both unnestings are equivalent, or it is undefined but its
value is not important and can be substituted arbitrarily, which follows from
Theorem 1.

Remark 2 Notice that unnesting at the level of atoms replaces undefined atoms with formulae
that evaluate either to true or false (depending on the quantifier choice). Therefore, unnesting
all terms from a formula results in a two-valued formula. As this unnesting is not equivalence-
preserving in the case of undefined formulae, it follows that for a given formula that is
undefined in some structure, there must be one unnesting that yields a formula that is true
in the structure and one that is false.

Returning to the proposed “safe” method, a major downside is that it introduces
a new variable for each occurrence of a term.

Ezample 11 Consider the following formula: “Alex is a doctor and a pilot.” modeled as:
Doctor(alez) A Pilot(alez). The safe unnesting of this formula is:

321 : Yalex (1) A Doctor(xz1) A 3xg @ Yaies (T2) A Pilot(xa)

This example shows that an existential quantifier is introduced per occurrence of
the term alex. For the reasons explained in Example 9, it is not possible to elimi-
nate term alex with a single quantifier (i.e., 32 : Vgier () A Doctor(z) A Pilot(x)). The
increased number of quantifiers can impact the solving efficiency negatively (this is
known for QBF [33, 34]). However, an improvement is possible for well-guarded for-
mulae. Recall that the issue with Example 9 arises only when some unnested term is
non-denoting. From Theorem 2, it follows that non-denoting terms do not affect the
truth value of a well-guarded formula. Therefore, different unnestings of a term in the
scope of its guards are expected to preserve the value of the formula. To formalize the
described property, we first have to define unnesting. We call the one with existential
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quantifier strong, since it approximates a formula to false when an undefined term
is unnested, and the other one weak, as it approximates it to true. Below, ¢[t — t']
stands for the substitution of a term ¢ with term ¢’ in formula ¢.

Definition 20 Given a formula ¢ containing a non-variable term ¢ such that all variables
occurring in ¢ are free in ¢, we define the weak and strong unnesting of ¢ in ¢ (respectively) as:

w(t, @) =V : y(x) = @[t — 7]

s(t, @) =z : ye(x) A @[t — ]
.e., does not occur in ¢ nor in ¢), and 7¢(x) denotes the graph
) (which reduces to ve(z) if ¢ is a constant c¢).

Here x is a fresh variable (i
predicate vy (k, z) if t = f(k

Notice that unnesting a term removes ambiguity, which is present when the term is
not denoting. In this sense, unnesting can be seen as a form of disambiguation. Specif-
ically, weak unnesting corresponds to guarding with directional implication ( = ), and
strong unnesting to directional conjunction (7) However, we do not regard unnest-
ing as a form of guarding, since it requires the user to introduce new variables and use
the graph predicate. Conversely, we also cannot define unnesting in terms of guards
for similar reasons.

Example 12 Consider the statement “Alex’s mother is a doctor and a pilot.” formalized as

(¢):
¢ = Doctor(mother(alex)) A Pilot(mother(alex))

Then the weak unnesting of the term alex in ¢ is:
w(alez, ) =V : Y4e,(x) = Doctor(mother(z)) A Pilot(mother(x))
The double strong unnesting, first of term mother(alez) and then of term alez looks like:
s(alex, s(mother(alex), ¢))
= s(alez,3x : Ymother (alex, z) A Doctor(z) A Pilot(x))
= 3y Yaten (4) A 32 5 Yomother (3, ) A Doctor(z) A Pilot(x)

Finally, we observe that unnesting a term ¢ inside the scope of a guard of ¢ does
not influence the truth value of a statement.

Ezample 13 Consider the term ¢ = alex, the formula ¢ = Doctor(alex), and an arbitrary
formula 1. Then we have that

[if 6; then ¢ else ¢ f]™
= [if 6; then w(t, ¢) else v fi]*
= [if §; then s(t, ¢) else ¢ ﬁ]]m.

Indeed, if alez does not denote in 2, then all three expressions reduce to [/]*. Otherwise, if
alex does denote in 2, then the equations reduce to
[[Doctor(alez)}]m = [V : vaiez () = Doctor(m)}]m = [3x : valez () A Doctor(m)]]m.

Since in this case, 2 contains a single object x such that 7ygje; () holds, namely [[alealc]]gl7 all
three expressions are equal.
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The following theorem formalizes this property.

Theorem 6 Let ¢, 1, and x be formulae, t a non-variable term, and A a partial function
structure (all over the same vocabulary). Then

[if 6; then ¢ else v fi]*
= [if ¢ then ¢[x — w(t,x)] else ¥ fi]*
= [if 6; then ¢[x — s(t,x)] else v fi|*.

Proof If [6]* = L, then all three expressions evaluate to L (by Definition 5). If [;]® = f,
then all three expressions evaluate to [[1,0}]2[ (again by Definition 5). Hence we can assume
that [0;]® = t, which means that ¢ denotes in 2. This implies that

A A 2A
DX = Vo : ye(z) = x[t = 2]]7 = [Ba: ye(x) Ax[t — 2],
as 2 contains a single object = for which ~¢(z) is true, namely [[t}]m‘ It follows that
[ = [9Dx — w(t. ON™ = [9lx — s(t. 0N,
which implies that all three expressions are equal. O

We say that a term ¢ is untested inside the scope of its guards if it is untested as
in Theorem 6.

Corollary 6.1 In a well-guarded FO(PF) formula, any unnesting of a function term inside
the scope of its guards is a value-preserving operation.

The main motivation in this paper for introducing guards was to create a language
capable of disambiguating the meaning of expressions using partial functions. We have
shown that the well-definedness property is not enough (e.g., t V ¢ = 10) to ensure
non-ambiguity. However, guards are providing both: well-definedness is reflected in
Theorem 2 and non-ambiguity in Theorem 6.

7 Definitions of partial functions

Thus far, we have focused on the analysis of given partial functions. However, from
a KR perspective, it is also useful to let users define partial functions. The approach
introduced here extends the one of FO(ID), in which inductive definitions of sets are
added to classical first-order logic [35, 36]. From a set-theoretic perspective, functions
are a special kind of sets. We will translate definitions of functions to definitions of sets
via their graph and domain predicates, and rely on FO(ID) to specify their semantics.

7.1 FO(ID)

The content of this section is similar to parts of [37].
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In FO(ID), definitions are sets of definitional rules. These are of the form
VI : P(t) «+ ¢

where Z is a tuple of variables, P(f) an atom called the head of the rule and ¢ an FO
formula called the body of the rule. Rules of the form VZ : P(f) < t are commonly
abbreviated to Vz : P(f). The definitional rules express how to construct the defined
predicates, and syntactically resemble the ‘if’-sentences commonly used in natural
language specifications of inductive definitions. A simple example of a definition in
FO(ID) is the following:

N(0)
{Vn : N(s(n)) < N(n) }

It defines N as the set of natural numbers by means of two rules. The first rule can
be read as “0 is a natural number”, and the second rule as “if n is a natural number,
then so is its successor s(n)”. The predicate symbols that appear in the head of a
definitional rule of a definition ® are called the defined predicates of ®. All other non-
logical symbols that appear in ® are called the parameters of ®. For instance, the
definition above has one defined predicate N and two parameters 0 and s.

Extending a logic with definitions makes it (significantly) more expressive. For
example, in FO it is impossible to express that a relation 7'/2 is the transitive closure
of a relation E/2. However, it can be easily represented in FO(ID) by the following

definition:
{Vx,y T (x,y) « E(x,y) } 3)
Va,y,z: T(x,2) + T(x,y) NT(y, 2)

FO(ID) allows for the expression of a wide range of definitions. Many frameworks
put a stratifiability restriction on their inductive definitions [38-40|. This means that
any defined predicate P of a definition can be assigned a level [(P) € N such that for
every predicate symbol @) appearing in the body of a rule defining P, I(Q) < I(P), and
moreover [(Q) < [(P) if Q occurs negatively in the body. For instance, the definition in
(3) is stratifiable, as one can simply pick I[(E) = [(T) = 0. However, many important
definitions are not stratifiable. For example, consider the following FO(ID) definition,
which simulates the definition of the satisfiability relation for propositional logic:

Vi, p: Sat(i,p) < In(p,i)
Vi, f, g : Sat(i,and(f,g)) + Sat(i, f) A Sat(i, g)
Vi, f 1 Sat(i,not(f)) < —Sat(i, f)

Here, a predicate Sat/2 is inductively defined in terms of another predicate In/2,
as well as two constructor functions and/2 and not/1. The variable i represents a
structure, p a propositional constant, and f and g propositional formulas. The term
and(f,g) represents the conjunction of f and g, and not(f) the negation of f. This
definition is not stratifiable, as it would require a level I(Sat) € N for which I(Sat) <
[(Sat). Therefore, this natural inductive definition cannot be represented in common
logics for inductive definitions [38-40].

The fact that definitions in FO(ID) need not be stratified, has as a consequence
that they can also be non-total. This means that the induction process fails to derive
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a two-valued interpretation for all defined predicates, and usually indicates a kind of
flaw in the definition. A simple example of a non-total definition is

{P+-P}. (4)

Non-total definitions are interesting, as they can be linked to paradoxes. For instance,
(4) can be seen as a formalization of the well-known liar paradox: “This sentence is
false”, where P represents the truth value of the sentence. By its definition, it is true
precisely if it is false.

The semantics of FO(ID) is inspired by the well-founded semantics of logic pro-
gramming [41]. We will restrict our discussion of the semantics of FO(ID) to the main
ideas in this section, and provide the details in Appendix A. Well-founded inductions
are mathematical descriptions of the construction processes associated with inductive
definitions. More concretely, they take the form of (possibly transfinite) sequences of
increasingly precise three-valued structures. These structures are three-valued in the
sense that they can assign three different truth values to sentences: true, false, and
unknown. Unknown is less precise than both true and false, and this preciseness order
extends pointwise to three-valued structures. A well-founded induction is defined with
respect to a given definition ® and in a ®-contert O, which is a structure interpreting
the parameters of ®. The definitional rules of ® determine how the three-valued struc-
tures can be refined to more precise three-valued structures. Eventually, a well-founded
induction reaches a three-valued structure that cannot be further refined. This three-
valued structure is called the well-founded model of ® in O. In general, a definition
can admit multiple well-founded inductions in a given context, but it has been proven
that every such well-founded induction converges to the same three-valued structure
[42]. This guarantees that the notion of a well-founded model of ® in O is well-defined.
Using the notion of well-founded model, we extend the satisfaction relation of FO to
FO(ID), by saying that a (two-valued) structure 2 satisfies a definition ®, 2 = @, if
2l interprets the defined predicates of ® in the same way as the well-founded model
of ® in the context obtained by restricting 2 to the parameters of ®.

Note that FO(ID) offers a unique perspective on definitions by treating them as
propositions. A definition being true in a structure informally means that the values
of its defined concepts correspond to the values derived by the induction process,
based on the values of its parameters. The treatment of definitions as propositions
permits an analysis of definitions themselves, instead of only their defined concepts.
The semantics of FO(ID) give an account of how a set of definitional rules (may) give
rise to values for defined concepts as the result of an induction process. It furthermore
provides explanations of what goes wrong in case of non-totality. FO(ID) thus allows
for an investigation of what separates a ‘good’ (i.e., total) definition from a ‘bad’ (i.e.,
non-total) one.
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7.2 FO(RD)

To incorporate definitions of partial functions in the framework of FO(ID), we gener-
alize the notion of definitional rule so that a head can also take the form f(f) = k. The
resulting logic is called FO(RD).?? It is an extension of both FO(PF) and FO(ID).

7.2.1 Syntax

Definition 21 A definitional rule is an expression of the form Vz : H + ¢, where Z is a
sequence of variables, ¢ is an FO(PF) formula called the body of the rule, and H is either an
atom P(%) or an equality f(f) = k (where f is a partial function symbol and %, k are terms),
and is called the head of the rule. Rules of the form VZz : H < t are abbreviated to VZ : H.

Definition 22 A definition ® is a set of definitional rules. The predicate and function
symbols that appear in the head of a rule of a definition ® are called the defined predicate
and function symbols of ®, respectively. All other non-logical symbols appearing in & are
called the parameters of ®. We say that a definition defines its defined (predicate and/or
function) symbols in terms of its parameters.

A formula in FO(RD) is defined as in FO(PF), but with addition of the following
clause:

e If & is a definition, then ® is a formula.

Definition 23 We extend the guarding relation from Definition 8 to definitional rules and
definitions, by means of the following rules:
wl-¢ wlF¢ wlkr (red)
wlkVZ: P) <« A ANd wlEVZ: f())=k<+ AR)ANAK) A @ wlF®

The left rule says that a definitional rule with head of the form P(%) is guarded in context w if
its body is of the form A(#) A¢, and ¢ is guarded in w. The middle rule says something similar
for definitional rules with head of the form f(¥) = k. The right rule says that a definition is
guarded in context w if all of its definitional rules are guarded in w.

By Definition 23, an FO(RD) definition is well-guarded if all of its definitional
rules have well-guarded bodies that start with a conjunction of atoms A(t) for terms
t appearing in the heads of the rules.?®> Recall that A(t) expresses that the term ¢
denotes. We will often simplify bodies of definitional rules by leaving out atoms A(t)
which we know evaluate to t, e.g., if ¢ is a variable or a total constant symbol.

Note that the definitional rule VZ : f(t) = k + A(f) A A(k) A ¢ in the middle of
Definition 23 has no atom A(f(f)) in its body, even though the term f(¢) appears in
its head. This is because f(¥) is precisely the term that is (possibly) being constructed
by the rule. Strengthening the body to include the atom A(f(¥)) would mean that

22The “RD” stands for “recursive definitions”. We use the word “recursive” when speaking of definitions
of functions, and “inductive” when speaking of definitions of sets.

23 A similar approach is presented in [5] by Suppes, where division is defined in the following way: If y #
0, then z/y = z if and only if z = y X z.
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one could only define f(f) in case f(f) is already defined, which would only result in
the construction of trivial functions with empty domain.

One could simplify syntax by removing the restriction that bodies of well-guarded
definitional rules should start with atoms A(t), if one follows the convention that if a
term in the head does not denote, nothing is derived. However, in our base language,
we prefer to remain prudent, forcing the user to be explicit about the use of possibly
non-denoting terms.

The following examples illustrate how definitions in FO(RD) provide a versatile
tool for naturally specifying various kinds of partial functions.

Ezample 14 Consider the (partial) function half : N — N that sends every even number 2n
to n and is undefined on every odd number. This function can be defined in FO(RD) in terms
of the successor function s/1 and the constant 0:

half (0) =0
{ Vn : half (s(s(n))) = s(half (n)) < A(s(half (n))) }
The first rule assigns value 0 to half(0), and the second rule assigns value s(half(n)) to
half (s(s(n))) if s(half(n)) denotes. Here we simplified the bodies of the rules by using the
fact that 0 is a total constant symbol and s a total function symbol.

Ezxample 15 Consider the predecessor function p : N — N that sends every non-zero natural
number n to its predecessor n — 1 and that is undefined on 0. This function can be defined
in FO(RD) in terms of the successor function s/1:

{Vn:p(s(n)) =n}

Ezample 16 Consider the function minus : N> — N that sends every pair (n,m) € N? with
n > m to n — m and that is undefined on all other pairs. This function can be defined in
FO(RD) in terms of the successor function s/1, the constant 0, and the predecessor function
p/1:

{ Vn : minus(n,0) =n }

Vn, m : minus(n, s(m)) = p(minus(n, m)) < A(p(minus(n,m)))

Ezxample 17 Consider the function div : N2 — N that sends every pair (n,m) € N? with m | n

to n/m and that is undefined on all other pairs. This function can be defined in FO(RD) in

terms of the successor function s/1, the constant 0, and the plus function plus/2:
{Vn:div(n,n):s(O)en#O }

Vn, m : div(plus(n,m), m) = s(div(n,m)) + A(div(n,m))

Ezample 18 The four elementary arithmetic operations can be defined mutually in FO(RD),
in terms of the successor function s/1 and the constant O:

Vn : plus(n,0) =n

Vn, m : plus(n, s(m)) = s(plus(n,m)) < A(s(plus(n,m)))

Vn, m,p : minus(n,m) = p < [[n = plus(m, p)]]

Vn : times(n,0) =0

Vn, m : times(n, s(m)) = plus(times(n,m),n) < A(plus(times(n, m),n))

Vn, m,p : div(n,m) = p < [[n = times(m, p)]]
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Recall that [[n = plus(m,p)]] stands for 5plus(m,p)7(n = plus(m, p)), which stands for
if Opyys(m, p) then n = plus(m, p) else f fi.

Ezample 19 Consider the function element/2 that is defined precisely on the pairs (¢,1) of a
natural number 7 and a list [ of length greater than 4, for which it returns the i-th element
of I (counting from 0). This function can be defined in FO(RD) as follows:

Vh,t: element(0, c(h,t)) = h < A(c(h,t))

Vi, h,t : element(s(i),c(h,t)) = element(i,t) <+ A(c(h,t)) A A(element(i,t))
The parameters of this definition are the constant 0, the successor function s/1, and the
constructor function ¢/2, which maps every pair (h,t) of an object h and a list ¢ to the list
with head h and tail ¢ (and is undefined if ¢ is not a list).

Ezample 20 Consider the function maz /1 that is defined on every non-empty list of numbers,
for which it returns the maximal element of the list. It can be defined in FO(RD) as follows:
Vh : max(c(h,nil)) = h + A(c(h,nil))
Vh,t : maz(c(h,t)) = h < A(c(h,t)) A[[maz(t) < ]
Vh,t : maz(c(h,t)) = maz(t) < Ae(h,t)) A A(maz(t)) A[[h < maz(t)]]
The parameters of this definition are the binary less than or equal predicate <, the empty list
constant nil, and the constructor function ¢ from Example 19. The body of the third rule
could be simplified by removing the conjunct A(maz(t)), as it is implied by [[h < maz(t)]].

Ezxample 21 The distance from a node n to a node m in a graph is defined as the length of
the shortest path from n to m. Given a predicate E/2, representing the edge relation of the
graph, one can define the distance function d/2 of nodes in FO(RD) as follows:

Vn:d(n,n) =0

Vn,m,p : d(n,m) = s(d(n,p)) < A(s(d(n,p))) A (n #m) A E(p,m)A

jElq : E(q7 m) A [[d(n7 q) < d(nap)]]

The second rule says that the distance from a node n to another node m is one more than
the distance from n to a node p, if there is an edge from p to m, and there is no other node
g that has an edge to m and is closer to n (i.e., d(n,q) < d(n,p)). Note that d is partial in
general, as there may be pairs of nodes between which no path exists.

Ezample 22 Given a (symmetric) predicate Married/2, one can define a function spouse/1
in FO(RD) as follows:

{Vm, y : spouse(x) =y « Married(z,y) }
The defined function is partial in general, as not every person is married.

FEzample 23 Consider a scenario in which persons can give scores to movies. This can be
modeled by means of a predicate Score/3, where an atom Score(p, m, s) expresses that person
p gives score s to movie m. Based on this predicate, we can define a function favorite/1,
where favorite(p) = m means that p assigns a unique highest score to movie m:
Vp, m : favorite(p) = m < 3s : Score(p, m, s)A\
-3Im’, s’ :m' #m A Score(p,m’,s'YNs > s

This function is partial, as it is only defined for persons (which appear as the first argument
in Score), and moreover, only for persons that assign a unique highest score to a movie.
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We demonstrate how our approach applies to ASP on an example originally
proposed by Cabalar [17, Example 1].

Example 24 Consider the following scenario: A regular customer at a restaurant follows a
specific rule when choosing their second course. If it is Friday, they choose the same dish for
the second course as they had for the first. On any other day, if the first course is pasta, they
choose fish for the second course.

We model this example using partial constants first/0, and second/0 (for the first and
the second course of a meal), total constants pasta/0 and fish/0 (representing dishes), and a
propositional symbol Friday/0 (which is true iff it is Friday).

second = fish < [[first = pasta]] A = Friday
second = first < A(first) A Friday

The customer “skips” the second course (i.e., second is undefined) in two situations: 1) it is
Friday and they did not have the first course, 2) it is not Friday and the first course was not
pasta.

Assuming ASP with function symbols extended with constructs A and [[-]], the definition
above can be translated into an ASP by replacing symbols =, <—, A, and — respectively with

:=, :—, comma (“)), and default negation (“not”).

second := fish :- [[first = pasta]], not Friday.
second := first :- A(first), Friday.

In this example, we presented a hypothetical ASP program extended with the
language constructs introduced in this paper. In Example 27, we continue with this
scenario and demonstrate how to derive an ASP encoding from the definition above.
Note that the bodies of rules in FO(RD) are less restricted than those in standard
ASP. For instance, ASP does not support explicit quantification in the bodies of
rules. Hence, translating definitions like the one from Example 21 is not always as
straightforward as the one above.

7.2.2 Semantics

The semantics of FO(RD) is defined via the semantics of FO(ID). More specifically, we
define what it means for a partial function structure 2 to satisfy an FO(RD) formula
¢ in terms of the satisfaction relation for FO(ID), by translating ¢ to an FO(ID)
formula 7(¢) and 2 to an FO structure 7(2).

To handle the potential nesting of partial functions, we introduce an auxiliary
(meta-)function G that sends pairs (¢, y) of a term ¢ and a variable y to FO formulae.
It is defined by structural induction on ¢, and translates the partial functions occurring
in ¢ to existential statements involving the corresponding graph predicates. Informally,
the formula G(t,y) expresses that the term ¢ denotes and is equal to y.

Definition 24 Given a term ¢ and a variable y, we define the FO formula G(¢, y) by structural
induction on ¢t via the following rules:

* Glz,y) = (z=y)
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* G(f(3),y) = 375 : G(5,%5) Ny (Ts,y)
Here 5 = zs,,..., s, are ‘designated’ variables that are solely used to refer to the terms
5 = $1,...,8n respectively (if they denote). They are mutually distinct and differ from all
‘regular’ variables. The expression G(5, Zs) is shorthand notation for A]_; G(s;, zs;). Recall
that vy denotes the graph predicate corresponding to the (partial) function f. Note that
since we view constant symbols as O-ary function symbols, they are covered by this rule. As
a constant symbol ¢ takes no arguments, the rule simplifies to G(c,y) = vc(y) in this case.

Definition 25 The translation 7(¢) of a formula (resp. definitional rule) ¢ in FO(RD) is a
formula (resp. definitional rule) in FO(ID), defined by structural induction via the following
rules:

* 7(P(t)) = 3z7 : G(t, %) N P(Zy)

o 7(t=s) =3z, x5 : G(t,zt) NG(s, ) Nzt = x5

* (=) = -7(9)

* (pV i) =T7(9)VT(¥)

o 7(if ¢ then ¢ else x fi) = if 7(¢) then 7(¢) else 7(x) fi

o 7(Az: ¢) =3z :7(d)

o 7(VZ: P(t) < ¢) =VZ,z;: P(Tf) + G(t,Z5) AN7(9)

® T(VZ: f(l) =k « ¢) = VI, Zg, xp : v¢(Zf, 1) G, Zp) A Gk, x1) AT()

o 7(®)={r(r)|red}U

{VZ:0¢(Z) < 3y : v#(Z,y) | f is a defined function symbol of ®}

As before, Zy = x¢,,...,2t, and xj are designated variables that are solely used to
refer to the terms ¢ = t1,...,tn, and k respectively, and G(t, ;) is shorthand notation for

/\zT'L:l G(ti,xt, ).

The translation function 7 eliminates all occurrences of partial function symbols in
a formula and replaces them by existential statements involving the auxiliary function
G from Definition 24. The translation 7(®) of a definition ® contains a rule VZ, Tz, x :
v (Zg, k)  G(t,z7) AN G(k,z1) A 7(¢) defining the graph predicate vy for every
rule VZ : f(f) = k + ¢ in @ defining a (partial) function f/n, as well as a rule
VZ : 07(Z) < Ty : v4(Z,y) defining the corresponding domain predicate d; as the
projection of ¢ onto its first n components.

Remark 8 Strictly following the rules of previous definitions can lead to rather verbose trans-
lations. However, one can typically (manually) simplify translations in a semantics-preserving
way. For instance, if a tuple ¢ of terms consists only of variables and total constant symbols
(e.g., 0), then 7(P(t)) = 3z : G(¢,ZT5) A P(Zz) can be simplified to P(¢). Abusing notation,
we will also write 7(¢) to refer to a simplification of the translation of ¢.

Finally, to come to the notion of a model of an FO(RD) definition, we translate
FO(PF) structures to FO structures. This is done by simply removing all partial
function symbols from the vocabulary, working instead with the associated graph and
domain predicate symbols.
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Definition 26 The translation 7(2() of an FO(PF) structure 2 is the FO structure obtained
by removing all partial function symbols from its vocabulary.?* We say that an FO(PF)
structure 2 satisfies or is a model of an FO(RD) formula ¢, and write 2 |= ¢, if 7(A) = 7(¢).
A ®-context O is a structure whose vocabulary consists of all parameters of ®. We say that
an FO(RD) definition @ is total in O if ® has a model that extends O. We say that ® is total
if it is total in every ®-context.

Ezxample 25 Let ®inus be the definition from Example 16. Strictly applying the rules of
Definitions 24 and 25, the first definitional rule of ®,,;,4s translates to

VN, Tn, To : Yminus (Tn, 0, Tn) < G(n,zn) A G(0,x0)
=Vn,Tn, 2o : ’Yminus(xn,xmmn) —xn=nAxg=0.
However, this can be simplified to
vn : TYminus (n7 07 ’I’L).
Similarly, the translation of the second rule simplifies to
YN, m, 1 Yminus (n, S(m)7 xl) — G’(p(minus(n, m))7 331)
= Vn,m, 1 : Vminus (M, s(M), x1) < Jzo : G(minus(n, m), x2) A vp(z2, 1)

= Vn, m,xy . ’Yminus(na s(m), -’rl) — Jao 'Yminus(nv m, ‘772) A ’Yp(l’g, xl)'

Here we replaced the variables @y, (minus(n,m)) @04 Tiinus(n,m) Y €1 and x2 respectively,
and we used that s is a total function symbol. The translation 7(®inyus) of the definition
D inus becomes

vn : Yminus (n7 0, n)

Vn, m,T1 > VYminus (n7 8(771), 131) — Jdxo: Yminus (Tl, m, 3:2) A 71)(1’2» xl)

V1, M Sminus (M, M) = Y Yminus (N, M, y)
Consider the ®,,;,us-context O with universe N and the standard interpretation for 0, s and
p (and 7p). The well-founded model of ®,inys in O interprets Yy,inus as the subset of N3
consisting of all triples (n, m,n —m) with n > m, and d,inys as the subset of N2 consisting
of all pairs (n,m) with n > m. Thus, every extension of O that interprets Yminus and dminus
as these respective sets is a model of 7(®ninus). Consequently, every FO(PF) structure that
extends such a model by interpreting minus as the function described in Example 16 is a
model of @ inus-

Ezample 26 Consider the definition ®,; from Example 21. After (quite) some simplifications,
the translation 7(®4) of ®; becomes

vn : yq(n,n,0)

Vn,m,p,r1 : v4(n, m, 5($1)) < Ya(n, p, Il) N E(p, ’ITL) A—dg: E(Q7 m) A

3o : yq(n, g, x2) Axa < 11

Vn,m: dg(n,m) < Jy : vqg(n,m,y)
Here we replaced the variables Zd(n,p) and Zd(n,q) by x1 and z2 respectively, and we used
that 0 is a total constant symbol and s a total function symbol. Furthermore, we left out the
atoms 04(n, p) and d4(n, q) in the body of the second rule, since they are already implied by
the atoms ~vy4(n,p, z1) and v4(n, q, z2) respectively.

Note that 7(®4) is a non-monotone and moreover a non-stratified definition, as the defined

predicate 4 occurs in the scope of a negation in the second rule. As mentioned in Section
7.1, this definition cannot be represented in several other logics for inductive definitions.

24Note that all information about partial function interpretations fgl in 2 is still present in 7(2() through
the corresponding graph predicate interpretations 'y?.
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Example 27 The translation of definition ®g..o,q from Example 24 can be simplified to

Ysecond (ﬁSh) < Vfirst (pasta) A —\FT’iday
VT 1 Veecond (T) < Vfirst(x) A Friday
6second < dx: Ysecond (x)

The definition can be encoded into ASP as follows:

g_second(fish) :- g_first(pasta), not Friday.
g_second(X) :- g_first(X), Friday.
d_second :- g_second(X).

This ASP encoding does not include the functionality constraints for the graph predicates,
which are implicit in the FO(PF) structure. To ensure the correct behavior when using an
ASP solver, we add the following two constraints. These enforce that each of the graph
relations contains at most one object.

i- g first(X), g_first(Y), X != Y.
:- g_second(X), g_second(Y), X != Y.

In FO(RD), non-totality can additionally arise from the overdefinition of a (partial)
function. Partial functions have the restriction that at most one function value can
be assigned to any tuple of arguments. Hence, when defining a partial function, one
needs to take care that this condition is met. For example, the FO(RD) definition
{Vw,y Cf(x) = y} is non-total in any structure whose universe contains more than
one element. Its translation { Va,y:ve(z,y) } to FO(ID) is total in any structure, and
its well-founded model interprets v, as the Cartesian product & x U of the universe
U with itself. However, as soon as U contains more than one element, vy no longer
corresponds to the graph of a (partial) function. In general, a model B of 7(®) extends
to a model of ® if and only if B interprets the defined graph predicates vs/n+1
as graphs, i.e., such that for every z € U", there is at most one y € U such that

(Z,y) €F.

7.3 Functional programming

Recursive definitions of functions commonly appear in functional programming. Chap-
ter 6 of the book Denotational Semantics by Schmidt [43] provides a formal account
of recursive definitions in functional programming, which we will refer to as FP.

In FP, recursive function definitions are specified by means of lambda expressions:

f=Xz.t (5)

where f is a function symbol, T a tuple of variables, and ¢ a term that may contain
f and Z. The syntax of the term ¢ is defined as before, but with the addition of the
so-called choice function —— 1[I

® if ¢ is a formula not containing any quantifiers or f, and ¢t and s are terms, then
¢ — tlsisa term.
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The term ¢ — t [ s is equal to ¢ if ¢ evaluates to true, and is equal to s if ¢ evaluates
to false. The reason why we do not allow f to occur in ¢ is to prevent paradoxical
examples such as the following;:

f=Xz. f(x)=0—100

This lambda expression says that f(z) is equal to 1 if it is equal to 0 and that it is
equal 0 if it is not equal to 0, which does not specify a well-defined function.

Ezxample 28 The half function from Example 14 can be defined in FP by the following lambda
expression:

half = n.n =0 — 00 s(half (p(p(n)))) (6)
where s denotes the successor function and p the predecessor function. The expression says
that half sends O to itself, and every non-zero number n to s(half(p(p(n)))). Note that
s(half (p(p(n)))) is not always defined. Here we follow the convention that a function applied
to an undefined term is undefined, which is explained in more formal detail in Section 7.3.1.

In FP, functions are first-class citizens, which can be passed as arguments to other
functions. This is not possible in FO(RD). On the other hand, FO(RD) allows the use
of FO bodies in its function definitions, which is not the case for FP. For instance,
the definition of spouse from Example 22 is not representable in FP, as it requires the
introduction of a variable y that is not a function of the argument variable x. Note
that the definition from Example 22 possibly overdefines spouse, in case the predicate
Married would contain pairs (a,b), (a, ¢) with b # c. Such overdefinedness of functions
is not possible in the framework of FP. Similarly, the definitions from Examples 21
and 23 are not representable in FP.

A lambda expression (5) can be translated to an FO(RD) definition as follows:

{Vz: f(z)=t« At)} (7)
Here we extend Definition 10 of A with the following rule:

o A(p—tlls) = A(f)ﬁ(if ¢ then A(t) else A(s) fi), where 7 are the unguarded

terms in ¢.

In the remainder of this section, we will provide a semantics for (a certain class of)
the lambda expressions in the FP framework introduced in Section 7.3, based on [43,
Chapter 6]. Furthermore, we will provide a simplified semantics for the corresponding
definitions of graph predicates in FO(ID), and we will show a strong correspondence
result between both semantics.

7.3.1 Semantics of FP

In FP, functions are defined on domains, which can be primitive (such as the set of
natural numbers N or Boolean values B) or compound. Compound domains are built
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from domains A, B as either products Ax B, disjoint unions (or sums) A+ B, function
spaces A — B, or liftings A, . The lifting A, of a domain A is obtained by adding
a bottom element L to A, representing undefinedness or non-termination. A partial
function from A to B can be seen as a total function from A to B, , which takes the
value | precisely on its undefined elements.

Henceforth, we fix a primitive domain D as well as a lambda expression

f=Az.t (8)

defining a function in D* — D. A formal semantics for the lambda expression (8) is
given by a least fixpoint construction.

Let B be an FO(PF) structure with universe D; = D U {L} that interprets all
non-logical symbols in the lambda expression (8). Assume that % interprets any n-
ary function symbol g as a function in D} — D, that maps any tuple a € D"}
containing a bottom element L to 1.2° Furthermore, we follow the convention that
(¢ — 51 052)® = L if ¢ contains a term that evaluates to L. Let B/ be the set of
expansions of B with interpretations for f as functions D¥ — D that map any tuple
a € D* containing a bottom element 1 to L. We define the definedness order = on
DL by

zCyiffe=Lorz=y
This partial order extends pointwise to a partial order on the function space D’j_ —
D, and moreover to a partial order on B as follows:

JCJiff f7C 7 iff f7(a) C f7 (a) for all a € DX
We furthermore define an operator G on B/ by
fg(J)(z_z) =7 for all a € D*.

(Note that this fully determines the structure G(J) as f97)(a) = L for any a € D% \
D* and the interpretation of all other non-logical symbols is fixed by 9B, by definition
of %f.) It is straightforward to see that G is monotone, meaning that G(J7) E G(J')
for 7 C J'. We define a sequence (7;)i<. of structures in BT by letting

jO - J—%fa
Jiv1 = G(Ti),
jw = |_| \71
i<w

Here Lgs denotes the least element of B, which interprets f as the function sending
every element of D’j_ to L, and | |,_, J; denotes the least upper bound of all J; with
i < w. This least upper bound is well-defined since J; T J; for ¢ < j, which follows
from the fact that G is monotone. We will use f; as shorthand notation for f7¢. The
function f,, is the declarative meaning we assign to the lambda expression (8).

25Here we refer to (D)™ simply as D" .
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Ezample 29 Reconsider the lambda expression (6) from Example 28. For this expression, f =
half, D =N, k = 1 and ‘B is the structure with universe N | and the standard interpretation
for 0, s and p. The functions half; are as follows:

halfg(a) = L,

halfy(a) = (n =0 = 0 Ds(half pip(m)) " = {0 ra=0

1 otherwise,

if a =0,
J1[n:a] )
halfa(a) = (n =0—010 s(half(p(p(n))))) =<1 ifa=2,

1 otherwise,

if a € 2N and s < 24,

otherwise,

= e

Jin:a]
halfy+1(a) = (n =0 00 s(half (p(p(n)))))" = {

half.(a) = | | halfi(a) = {‘5 if a € 2N,

izw 1 otherwise,
for all @ € N . Note that half., is the expected function corresponding to (6).

7.3.2 Simplified semantics for graph predicate definitions
The lambda expression (8) in FP is translated to the following definition in FO(RD):

{vz:f(z)=t< At)}. 9)
In turn, this is translated to the following definition in FO(ID):

VT, xy 0y (Z, x) < G(t, )
{Vf:df(i')eﬂy:fyf(:i,y) } (10)

Here we extend Definition 24 of G with the following rule:
* G —tlsy)=7(¢) = G(t,y) DG(s,y)

We left out the atom A(t), since it is implied by G(¢,z:). We will show that the
models of the lambda expression in FP correspond to the models of its translation to
FO(RD) (7).

Since G(t, x;+) contains no negation, (10) is a positive definition, which entails that
the intricate well-founded semantics simplifies to standard monotone induction for this
definition [36]. This standard monotone induction consists of a repeated application
of a monotone operator to structures interpreting 7y and d; until the first infinite
ordinal w, similar as for FP. For simplicity, we will focus on the graph predicate vy,
as the domain predicate ¢ is determined in terms of ;.
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Let 2 be the FO structure with universe D that corresponds to structure % from
Section 7.3.1 in the following way: for every partial function symbol g/l interpreted
by 9B, 2 interprets the corresponding graph predicate symbol v,/l41 such that

(@,b) € o iff g®(a) =b (11)

for alla € D',b € D.

Let A7# denote the set of all expansions of 2 with an interpretation for the (k+1)-
ary predicate symbol vs. We define a partial order T on A7/ by letting Z T 7’ iff
vF C fyf/. Furthermore, we define an operator G on 27/ by

¥ = {(@b) € DM | Z[z G, 20 : b] |= G(t,30)}.

(Note that this fully determines the structure G(Z) as the interpretation of the other
non-logical symbols is fixed by 2.) Since G(¢,z;) is a positive formula, it is straight-
forward to see that G is monotone, i.e., G(Z) C G(Z') if Z C Z'. We define a sequence
(Z;)i<w of structures in A7 by letting

IO = J_m"rf,

Ziy1 =G(T),

T,=| | T.
<w

Here Ly~ denotes the least element of A7/, which interprets vy as the empty set,
and | |, Z; denotes the least upper bound of all Z; with i < w. It is well-defined
since Z; C Z; for 4 < j, which follows from the fact that G is monotone. We will use
'yjc as shorthand notation for 7% The interpretation of v; by the well-founded model
of (10) is 7%.

7.3.3 Correspondence result

We will now prove that the interpretations of f in both frameworks correspond in a
strong sense.

Definition 27 Let Z € 27/ and J € B/ We write 7 ~ 7 if foralla € D*,b € D: (a,b) € +f
iff 77 (a) = b.

Lemma 1 Let Z € AV and J € B7. IfT~J, then G(Z) ~ F(J).

Proof Assume that Z ~ 7, and take a € Dk,b € D arbitrarily. We need to show that
(@,b) € 7?(1) iff 7(7)(a) = b. By the definitions of G and F, this comes down to

I[z : G,z b] = Gt ) iff #7130 = p, (12)
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We prove this equivalence by structural induction on the term t.

Case 1: Suppose that ¢ is a variable y that is interpreted by both Z[Z : @,z : b] and
J|[Z : a]. Then y must be one of the variables among Z, say x;. The right side of (12) simplifies
to a; = b. The left side of (12) simplifies to Z[Z : @, z¢ : b] = x; = x¢, which is equivalent to
a; = b.

Case 2: Suppose that ¢ is of the form g(s1, ..., sn), and that the equivalence (12) holds for
S1,...,5n (induction hypothesis). Suppose that Z[Z : a@,z¢ : b] = G(t,z¢). Then Z[Z : @, z¢ :
b] = 3%5 : G(5,%5) A vg(Ts, 2¢). This means there exist d € D™ such that Z[Z : @, ¢ : b, Ts :
d] = G(3,%5) A vg(Ts,x¢). In particular, Z[Z : @, xs, : d;] = G(s;,s;) for all i, which implies
that sf[w:a] = d; by the induction hypothesis. Furthermore, the fact that Z[z; : b,Z5 : d] |
v¢(Zs, x¢) implies that g7 (d) = b. This follows from the fact that Z ~ 7 in case g = f, and
from (11) otherwise. Together, these facts imply that tIlmal = gj(§‘7[f:a]) =b.

Suppose conversely that t7[7al — b Then every siI[i:a] = d; for some d; € D. (Note
that d; # L, for otherwise 1 = g‘7(d1, ...,dn) = b € D; a contradiction.) It follows by the
induction hypothesis that Z[Z : @, zs, : d;] = G(si,xs,) for every i. Furthermore, g7 (d) = b
implies (d,b) € *yg . This follows from the fact that Z ~ 7 in case h = f and from (11)
otherwise. Combining these findings, we obtain Z[Z : @,z : b] = 3%5 : G(5,Z5) A v4(Ts, zt),
and hence Z[Z : @, x¢ : b] | G(t, x¢).

Case 3: Suppose that ¢ is of the form ¢ — s1 [I s2, and that the equivalence (12) holds
for s1 and sg (induction hypothesis). Then the equivalence for ¢ follows from the induction
hypothesis after observing that J[Z : a] | ¢ iff Z[Z : @, x¢ : b] = 7(¢) (recall function 7 from
Definition 25 eliminates all partial function symbols by replacing them with their graphs).
This finishes the proof. O

Theorem 7 7, ~ Jo.

Proof This follows from the more general statement that Z; ~ J; for all i < w, which is
proved by induction on ¢. For ¢ = 0, this is trivial, as ’y? =0 and fo(a) = L foralla € DF.
The induction step follows from Lemma 7. Finally, for ¢ = w, it suffices to show that ~ is
preserved under taking least upper bounds, which is straightforward. Indeed, for arbitrary
a € D and b € D, we have that f,(a) = b iff fj(a) = b for some j < w iff (a,b) € fy} for
some j < w iff (a,b) € 7¥. U

8 Conclusion

In this paper, we developed a prudence-based logic for partial functions with language
constructs designed to eliminate ambiguities introduced by non-denoting terms. These
constructs, ranging from conditional guards to asymmetric connectives and annota-
tions, serve to ensure the well-definedness of expressions containing partial functions.
Furthermore, they are designed to make well-definedness a decidable syntactical prop-
erty. Hence, guarding conditions of our logic deliver the principle of well-definedness:
although the underlying logic is three-valued, guarded formulas are “error-free” in
the sense that their truth value is well-defined in all structures, as established in
Theorem 2. Additionally, Theorem 6 demonstrates that our approach allows for more
general graph unnesting of function terms compared to classical logic with partial
functions. In the final part of the paper, we extended the language of our logic with
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definitions of partial functions. The semantics of these definitions were reduced to the
semantics of FO(ID), via a translation that replaces all partial functions by the cor-
responding graph predicates. Additionally, we investigated the relation between our
logic and functional programming.

The approach to partial functions introduced in this paper is tailored towards
the formal logic languages used for Knowledge Representation (KR). The language
FO(PF) offers clear insights into the constructs involved in guarding partial functions.
Additionally, we explored classical logic and rule-based definitions that form the theo-
retical foundations of most symbolic KR systems. As a result, the concepts presented
in this paper can be applied to many existing systems with minimal adaptations.

This paper focuses on the foundations of systematically treating partial functions
in logic-based KR languages. KR languages are naturally paired with solvers that
handle the reasoning process, and the efficiency of these solvers is crucial. The fact
that well-definedness in our language is decidable (in polynomial time, as shown in
Theorem 3) contributes to solver efficiency. However, the impact of introducing a
domain predicate for each function on the solver’s performance is not explored in this
paper.
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Appendix A Semantics of FO(ID)

Most parts of this appendix appear literally in [37].

Following [22], we define the semantics of FO(ID) based on the well-founded
semantics from logic programming [41].

In FO(ID), structures 2 are defined as usual, consisting of a set U called the
universe of 2, and a mapping from non-logical symbols o to interpretations o in
U. Constant symbols are interpreted as elements of U, n-ary predicate symbols as
subsets of U™, and n-ary function symbols as functions U™ — U. The set of interpreted
symbols of 2 is called the vocabulary of 2, and we speak of a ¥-structure to refer to
a structure with vocabulary ¥. Given a structure 2 with universe U, a tuple of non-
logical symbols &, and a tuple of corresponding values & in U, we denote by 2[5 : @]
the structure obtained from 2 by interpreting & by &. If ¥ is a subset of the vocabulary
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of 2, then 2|y denotes the structure obtained from 2l by restricting its interpretation
mapping to 3.

To define the semantics of definitions, Denecker and Vennekens [22] use three-
valued structures, in which there are three different truth values: £, u and t, standing
for ‘false’, ‘unknown’ and ‘true’ respectively. We consider two orders on the set of
truth values: the truth order < and the precision order <,, defined by f < u < t,
and u <, f, u <, t respectively. A three-valued structure I is defined similarly as a
regular (two-valued) structure, except that n-ary predicate symbols are interpreted
as functions from U™ to {f,u,t}, where U is the universe of Z. We extend the truth
and precision order pointwise to functions with codomain {f,u,t}, and furthermore
to three-valued structures by letting Z < 7 if Z and J have the same universe and
vocabulary, the same interpretation for non-predicate symbols, and PZ < PY for
every predicate symbol P, and similarly for <,,.

Note that a two-valued structure can be seen as a special case of a three-valued
structure, by identifying a subset S of U™ with its characteristic function, sending
every element of S to t and every non-element to f. In this way, two-valued struc-
tures correspond to maximally precise three-valued structures. In the sequel, we will
frequently abuse this correspondence, for instance by writing P*(a@) = t instead of
a € P for two-valued structures 2.

Henceforth, following [22], we fix a definition ®. We denote the set of defined
predicates of ® by def(®), the set of parameters of ® by pars(®), and their union by
sym(®). (Hence, sym(®) is the set of all predicate symbols that occur in ®.) We also fix
a pars(®)-structure O, which we call a ®-context, both with universe ¢. Furthermore,
we fix a (three-valued) truth function, sending each pair (¢,Z) of an FO formula ¢ and
a three-valued structure Z to a truth value ¢ € {f,u,t}. We let this truth function
be a generic one, imposing only two conditions:

® 7 <, J implies ot <p 4 (<p-monotonicity).
o If 7 is two-valued, then ¢* takes the standard truth value of ¢ in Z.

Given a predicate symbol P, we denote by np the arity of P. Given a defined predicate
P of ®, we write

ep(m) =\/3z: =10, (A1)
where the disjunction ranges over all rules Vz : P(f) < ¢ in ® defining P, and y is
an np-tuple of object symbols not occurring in any of these rules. Given a tuple of
non-logical symbols & (possibly) occurring in a formula ¢, together with a tuple of
corresponding values @ in U, we write ¢(a/5)%, or shortly ¢(a)Z, to refer to ¢Zl7:l,
A universe atom is a pair (P,a), where P is a predicate symbol and a € Y"". With an
abuse of notation, we will often write P(a) instead of (P,a). Given a set of predicate
symbols II, we denote by A#}l the set of universe atoms (P, a) for which P € II.

Definition 28 Let Z be a three-valued sym(®)-structure with universe Y. A three-valued
sym(®)-structure 7' is said to be a ®-refinement of T if there exists a non-empty set U C

Atglef@) such that PI(a) = u for all P(a) € U, and either
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e 7/ = Z[U : t] and for all P(a) € U, ¢%(a) =t, or
o T/ = TI[U : f] and for all P(a) € U, ¢% (a) = f.

Here Z[U : t] refers to the structure identical to Z, except that its interpretation of P
maps @ to t for all P(a) € U, and similarly for Z[U : f].

Note the asymmetry between deriving truth and falsity of defined atoms: the truth
of defined atoms can only be derived if the corresponding bodies are true in Z, while the
falsity of defined atoms may be derived if this implies the falsity of the corresponding
bodies in Z’. The second kind of refinement is based on the idea of unfounded sets, as
introduced in [41].

Definition 29 A well-founded induction of ® in O is a sequence (Z;)g<;<g of three-valued

sym(®)-structures extending @ such that P20 = u for all P € def(®),2° Z;,; is a ®-
refinement of Z; for every ordinal 0 < ¢ < 3, and Z), is the <p-limit of (Z;); for every limit
ordinal 0 < A < . A well-founded induction (Z;)o<;<g is called terminal if its limit Zg has
no d-refinement.

Remark 4 Note that well-founded inductions are <p-increasing, which guarantees that the
<p-limits are well-defined. Since the truth function is <p-monotone, well-founded inductions
(Zi)o<i<p have the property that once ot e {f,t} for some i, then ¢ = ¢ for all j > i.

Theorem 8 (Denecker and Vennekens, 2007 [42]) Any definition has a terminal well-
founded induction in any context. Furthermore, all terminal well-founded inductions of a
given definition in a given context have the same limit.

Definition 30 The well-founded model of @ in O is the limit of a well-founded induction of
® in O. If this well-founded model is two-valued, we say that ® is total in O. If ® is total in
any ®-context, we say that ® is total.

Ezample 30 Consider the following definition of the even number predicate E/1 in terms of
the constant 0 and successor function s:

0. _ [ EO)
E7\ vn: E(s(n)) « —~E(n)
Let O be the pars (®g)-structure with as universe the set of natural numbers N, and with
the standard interpretation for 0 and s. Then

EX(n)=u forneN
EF(0)=t, E™'(n)=u forneN\{0}
ER2(0)=t, E2(1) =, E®2(n) = u for n € N\ {0,1}

EX“(n) =t forne€ 2N, E(n)=f fornec2N+1

26Here P70 = u means that PZ0(a) = u for all @ € U"P.
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specifies a terminal well-founded induction (Z;)o<;<. of ®g in O. Here w denotes the first
infinite ordinal. Since the well-founded model Z,, is two-valued, ® g is total in O.

However, ®f is not total in general. In an adapted context O in which sol(l) =1 for
instance, the only well-founded induction stagnates at step 1. Indeed, in this case Z; has no
refinements, as assigning f to £(1) makes ¢p(;) =1 =0V 3Iz(1 = s(z) A ~E(z)) true. Thus,

the well-founded interpretation of ® g in @’ is three-valued, and therefore ® 5 is non-total in
o'

The satisfaction relation for two-valued structures in FO(ID) is defined as for FO,
but with the addition of the following clause:

® A = @ if Ay (a) is the well-founded model of ® in Al pars(a).-

A tautology in FO(ID) is a formula that is satisfied by every two-valued structure
interpreting its non-logical symbols.
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